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Abstract 

A long-standing conjecture is that any transitive finite projective plane 
is Desarguesian. We make a contribution towards a proof of this conjec- 
ture by showing that a group acting transitively on the the points of a non- 
Desarguesian projective plane must not contain any components. 

1 Background definitions and main results 

We say that a projective plane is transitive (resp. primitive) if it admits an auto- 
morphism group which is transitive (resp. primitive) on points. Kantor [Kan87j has 
proved that a projective plane CP of order x admitting a point-primitive automor- 
phism group G is Desarguesian and G > PSL{3, x), or else -|- x -|- 1 is a prime and 
G is a regular or Frobenius group of order dividing + x + l)(x + 1) or [x"^ + x + l)x. 

Kantor's result, which depends upon the Classification of Finite Simple Groups, 
represents the strongest success in the pursuit of a proof to the conjecture mentioned 
in the abstract. A corollary of Kantor's result is that a group acts primitively on 
the points of a projective plane 7 if and only if it acts primitively on the lines of 7. 
We also know, by a combinatorial argument of Block, that a group acts transitively 
on the points of a projective plane 7 if and only if it acts transitively on the lines 
of y |Blo67aj . 

Our primary result is the following: 

Theorem A. Suppose that G acts transitively on a projective plane "? of order x. 
Then one of the following cases holds: 

• 7 is Desarguesian, G > PSL{3,x) and the action is 2-transitive on points; 

• G does not contain a component. In particular all minimal normal subgroups 
of G are elementary abelian. 

*This paper contains results from the author's PhD thesis. I would Uke to thank my supervisor, 
Professor Jan Saxl. Professor Bill Kantor has also given much helpful advice for which I am very 
grateful. 
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Here a component C of a group G is defined to be a subnormal quasi-simple 
subgroup of G. We note that Theorem A implies that if an almost simple group (or 
almost quasi-simple group) G acts transitively on the lines of a projective plane T 
of order x then T is Desarguesian and G has socle PSL{3,x). Note that definitions 
for group theory terms used here are provided in Section HI 

Theorem A also relates to two other results that already exist in the literature. 
The first is Kantor's result on primitive projective planes |Kan87j which has already 
been mentioned and which is used in the proof of Theorem A; Theorem A can be 
thought of as a generalization of Kantor's result. The second is Ho's result that a 
finite projective plane admitting more than one abelian Singer group is Desarguesian 
|Ho98t Theorem 1]; this result is implied by Theorem A and |Ho98l Lemma 4.3 and 
Theorem 2] - details are given in |Gil06j . In fact |Gil06j outlines a number of results 
about line-transitive projective planes that follow from Theorem A. 

Finally we note that all groups and sets that we consider in this paper are finite. 



2 Overview of Proof 

To prove Theorem A we need to analyse many different possible transitive group 
actions on finite projective planes. The framework for our analysis of the transitive 
projective planes will be given by results in |CP93] and [Cam04j . The key theorem 
is the following: 



Theorem 1. lCam04 . Theorem 2] Let G act transitively on a projective plane J* 



and let M he a minimal normal subgroup of G. Then M is either abelian or simple. 

In fact we are able to state our results more strongly by rewriting this result in 
terms of components. Hence the theorem which will provide the framework for our 
analysis is the following: 

Theorem 2. Suppose that G acts transitively on a projective plane 7. Then G 
contains at most one component. 

The proof of this theorem, which involves rewriting proofs of similar theorems 
from [CPQSj and [Cam04] , is given in Section [3l In Section H] we give the basic 
lemmas and notation which will be used throughout the remainder of the paper. 

In the remaining sections we use Theorem [2] to examine the possible unique 
components of a group G acting transitively on a projective plane. Existing results 
in the literature are generally limited to the case where the component is simple and 
G is almost simple. 



3 Framework results 

We prove Theorem [2] which states that if a group G acts transitively upon a projec- 
tive plane then G contains at most one component. Our proof of Theorem [2] starts 
with some preliminary results. 
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Note first that if C is a component of G then C° := < : g e G > = 
G o G^^ o ■ ■ ■ o C^"" is a normal subgroup of G where gi, . . . , Qm ^ G; furthermore, if 
G and D are components of G with G not G-conjugate to D then [G, D] = 1 and 
so [G°,D°] = 1. 

We need some information about the fixed points of automorphisms of a projec- 
tive plane T of order x: If an automorphism g fixes at least x points then g is called 
quasicentral and g fixes x + x + 2orx-|- ^/x + 1 points [Dem97l 4.1.7]. In the 
first two cases g fixes a fan, namely a line £, and a point a and all the points on £ 
and all the lines incident with a. The distinction between the two cases depends on 
whether or not a lies on £. In the third case the set of fixed points and fixed lines 
of g forms a subplane of 7 of order ^/x. 

In addition we have the following lemma: 



Lemma 3. IDemQl . 3.1.2 and 4-1-6] Let T be a projective plane of order x. If H 



is a group of automorphisms of 7 which does not fix (point-wise) a subplane of 7 
then the fixed set of H lies inside a fan. If, on the other hand, H point-wise fixes a 
subplane of order y then either y"^ = x or y{y +1) < x — 2. 

We are now ready to prove our first result which is very similar to |CP93[ The- 
orem 3]: 

Proposition 4. Let G be a transitive automorphism group of a projective plane 7 
of order greater than 4. Let G have normal subgroups M and N such that 7^ 1 
and Na 7^ 1 for some point a. Then [N, M] 7^ 1. 

Proof. Let M and be two normal subgroups of G such that there is a point a so 
that M„ 7^ 1 and 7^ 1 and [M, A^] = L 

Consider the point (3 G aN and let n G be such that (3 = an. If m G Mq, 
then f]m = anm = amn = (3. Thus aN is fixed point-wise by Mq. If /? G aN\{a} 
and £ is the line through a and (3, then Mq fixes £ set-wise. Thus there is a line £ 
through a which is fixed by and fixes at least two points. A similar result 
applies with A^ replacing M. 

Next we show that every line through a is fixed either by or N^. Assume 
that this is false and let £ be a line through a which is fixed by neither. Since G is 
line-transitive, there is some point (3 such that Mg fixes £. Now, since [M,N] = 1, 
Na acts on the set of fixed lines of Afg. Thus each image of £ under the action of A'q, 
is a line through a fixed by M^. Since does not fix £, it follows that fixes a. 
However, this means that = and hence fixes £ which is a contradiction 
to our assumption. 

Thus, for one of and Na, the number of lines through a which are fixed 
must be at least k/2. Without loss of generality, this is true for Na- We now show 
that the set of fixed points of forms a subplane of 7. By the lemma above it is 
sufficient to prove that NciNa) acts transitively on the set of lines fixed by A''^; to 
show this we demonstrate that A^£ = for any line £ fixed by Na. 

Let £ be any line through a which is fixed by Na- Let m E M such that £m 7^ £. 
Then, since [M, N] = 1, it follows that S^mN^ = £,N£m = £m, that is A^£ fixes £m 
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and so A''^ fixes ilmn£ = {/?}, say. Then Na C A''^ C A''^, and since Na is conjugate 
to Ni3, we obtain Na = A^£. 

Since is normal in G, NdN^^) is transitive on the hnes fixed by A'^ = N^. 
Thus the fixed set of Na is a subplane of 7 with fine size at least k/2. This is a 
contradiction of the lemma above. □ 

Corollary 5. Suppose that G acts transitively on a projective plane CP. Then all 
components of G are conjugate in G. 

Proof. If 7 is Desarguesian then G contains at most one component and the state- 
ment holds. 

By |Dem97[ 3.2.15] a non-Desarguesian projective plane has order at least 9. 
Thus by the previous theorem any two normal subgroups M and N of G with 
Ma 7^ 1 and Na 7^ 1 for some point a satisfy [A^, M] ^ 1. 

Now suppose that G and D are components of G which are not conjugate in G. 
Then G° and D° are distinct normal subgroups of G. Note that any component 
contains an involution and, since the number of points in T is odd, each involution 
must fix a point. The theorem implies that [G°, D°] 7^ 1. This is a contradiction. □ 

We can now prove Theorem [21 Our method of proof is very similar to that of 
Camina |Cam04l Theorem 1]. First we state some preliminary results: 

Lemma 6. ICP93[ Theorem 1] Let 7 he a finite linear space and let G he a line- 
transitive automorphism group of CP. Let N he a normal suhgroup of G. Then N 
acts faithfully on each of its point orhits. 



Lemma 7. IHP73 . XIIL13.1] Let A he an ahelian automorphism group of a projec- 



tive plane of order x then \A\ < + x + 1. 

Theorem [21 Suppose that G acts transitively on a projective plane 7. Then G 
contains at most one component. 

Proof. By Corollary [5l CP is non-Desarguesian of order x and all components are 
conjugate in G. Let C be a component of G and let G° be the normal closure of 
G in G. Write C° = Ci o ■ ■ ■ o G^ with each Cj isomorphic to G and suppose that 
m > 2. 

Let D be a Sylow 2-subgroup of G°. Since CP has an odd number of points there 
is a point a so that D fixes a. Thus {Gi)a 7^ 1 for 1 < i < m. Since G acts 
transitively on CP this is true for all points a. Choose a so that {Gi)a has maximal 
order. Observe that [G2, (^"1)^] = 1 so aG2 consists of points fixed by (Ci)^. 

Now G° is faithful on all its point orbits by Lemma [HI This implies that aG2 
contains at least 5 points as G2 is quasisimple and normal in G°. The fixed set of 
{Gi)a is either a subplane or lies inside a fan. But, since G2 does not fix any point, 
we conclude that {Gi)a fixes a subplane whose order is at most y/x. 

We now show that for any line £ incident with a there is a j so that {Gj)a fixes 
£. Choose a line £ incident with a. If (Ci)a fixes £ there is nothing to prove. We 
know that there exists a line, £1, which is incident with a and is fixed by {Gi)a- But 
G is transitive on lines so there is g & G^with 2ig = £. Then f3 = ag is incident 



with £ and ((Ci)q,)^ fixes £. But there exists j so that ((Ci)q,)^ = {Cj)^ since g 
permutes the factors Cj. Let i ^ j. Then (Cj)^ commutes with (Cj)/3 and so acts 
on the set of fines fixed by {Cj)p. If (Cj)^ fixes £ then we have proved our claim. 
If not we see that {Cj)p fixes at least two lines through a and so fixes a. However 
{{CijaY = {Cj)p so by the maximality of {Ci)a we have {Cj)a = {Cj)p and the 
claim is proved. 

Let y be the order of the subplane fixed by (Cj)^. Then m(?/ + 1) > x + L If 
y = then this implies that m > ^/x. \i y ^ ^/x then Lemma [H] implies that 
y{y + 1) < X — 2. Thus m > y + 1 and so m > vx + 1 > \fx. 

Since C° has an abelian subgroup of order at least 5™ it follows from Lemma [7] 
that x^ + X + 1 > 5"^ > 5^. This has no solutions. □ 



4 Basic Results and Notation 

The notation outlined in this section will hold throughout the rest of the paper. We 
also state here a number of basic results which will be used repeatedly throughout 
the paper. 



4.1 Projective Plane Results 

Consider a projective plane T of order x with f = + x + 1 points and lines. 



Lemma 8. , Kan81 , p. 33] Let G act transitively on a projective plane with Ga a 



point- stabilizer. Then if pi is a prime = 2(3) then G^ contains some Sylow pi- 
subgroup of G. Moreover, Ga contains a subgroup of index at most 3 in a Sylow 
3-subgroup of G. 

For g an element of G we write Ug for the size of the G-conjugacy class of g in 
G and for the number of these conjugates lying in a point-stabilizer G^, for some 
fixed point a in T. Furthermore, dg is the number of fixed points of g. We will 
sometimes also write Tg{B) for the number of G-conjugates of g lying in a subgroup 
B of G, so Tg = rg{Ga)- 

We know already that if an automorphism g fixes at least x points then g is 
called quasicentral and g fixes x + 1, x + 2orx-|- a/x + 1 points [DemQTj 4.1.7]. 
Furthermore, if an automorphism has x + 1 or x + 2 fixed points then it is known as 
a perspectivity and Wagner has proved that if G contains a nontrivial perspectivity 
and G acts transitively on T then T is Desarguesian and G > PSL{3, x) |Wag59 



Now any involution is quasicentral ( |Dem97t 3.1.6]) and so all the groups G that 
we consider contain quasicentral automorphisms. By Wagner's result we will be 
interested in the situation when x is a square, say x = u"^, and all quasicentral 
automorphisms, in particular all involutions, have u"^ + u + 1 fixed points. 

We will be particularly interested in properties of integers of the form + n + 1 
where u is an integer. 



Lemma 9. If x = then x^ + x + 1 = {v? + u + 1)(m^ — u + 1), where {v? + u + 
l.u" -u + l) = l. _ 



Lemma 10. \Lju43 , p.ll] If + u+l = p\ where pi is a prime, then either p^ = pi 
or p1 = 7^. 



Lemma 11. KanSl . p. 33] If x = and + x + 1 = p°'m for a prime p with 
a > 1, then either m > or p"' = u"^ ±u + 1 = 7^. 

Lemma 12. Let x = and let g be an involution acting on projective plane 7 with 
+ u + 1 fixed points. Then 

• 2^ = u'^ -u + l; 

• dg = V? + u + 1; 

• ^ = 77^9 <^nd i^,dg) = 1. 

Proof. Count pairs of the form (a, g), where a is a point and g is an involution fixing 
a, in two different ways. Then 

\{{a,g) : ag = a}\ = vvg = rigdg 

We know aheady that dg = + u + 1 thus we must have ^ = — u + 1 and the 
result follows. □ 

Lemma 13. Suppose that g is an involution acting on projective plane 7 with + 
u + 1 fixed points. If Ug = 2'^p°'m. where (m, 2p) = 1 then the largest power of p in v 
is less than or equal to max{p"', m + 2^/rn + 2). 



Proof. If p\— then clearly the highest power of p dividing v divides n". If not, 
then — u + 1 = ^ divides m. Then the highest power of p dividing v divides 

dg = + u + 1 < {u^ - u + 1) + 2\/u^ - n + 1 + 2. □ 

It is in our exploitation of the last two results that our treatment will differ 
substantially from that of Kantor in the primitive case. We will make use of the 
equalities outlined in Lemma [T^ taking g to he a member of a small conjugacy class 
of involutions. 



4.2 Group Theory Results and Notation 

We begin with a general lemma which will be useful throughout the chapter. 

Lemma 14. Let C < A x B . Suppose \A\ < |i? : where N is the largest proper 
normal subgroup of B. Then either: 

• C < A X Bi for Bi < B; or 

• C = Aix B for Ai< A. 

Proof Suppose C ^AxBifoi Bi< B. Then define 5i = {(1, 6) : (a, b) e C} ^ B 
and observe that the projection C — > A, (a, 6) i— > a has kernel K = {(1, 6) G C} <i?i. 
But l-Bi : K\ < \A\ <\B : N\ where N is the largest proper normal subgroup of B. 
Thus K = Bi and C = Ai x B for some Ai < A as required. □ 



Now we want to show that a group G with unique component L cannot act 
transitively on a projective plane 7 unless it contains a non-trivial perspectivity. 

Recall that L is a component of G provided L is a subnormal quasi-simple sub- 
group of G] a quasi-simple group G is one such that G = G' {G is equal to its 
commutator subgroup) and G/Z{G) is simple. We also define an almost simple 
group to be a group G such that N <G < Aut{N) where is a non-abelian simple 
group; an almost simple group can also be thought of as a group with non-abelian 
simple socle, the socle of a group G being the product of the minimal normal sub- 
groups of G. For a fuller discussion see |AscOOj . 

We write H.G for an extension of a group H hj a group G and H : G for a 
split extension. An integer n denotes a cyclic group of order n, while [n] (resp. 
[g"]) denotes an arbitrary soluble group of order n (resp. g") and denotes an 
elementary abelian group of order where p is a prime. We write \H\p for the 
highest divisor of which is a power of a prime p. 

Put La = Get n L, the stabilizer of a point a in the action of L on J". In general, 
we will set M to be a maximal subgroup of the component L which contains La- 
Define Lt := L/Z{L) and := M/{Z{L) n M). 

Write G = {Lo Gg{L)).N where is a subgroup of OutL. Then G/Gg{L) is 
an almost simple group and we use results about the maximal subgroups of such 
groups: 

When L'^ is a classical simple group we use the results of Aschbacher [Asc84j as 
described in Kleidman and Liebeck [KL90j . These results give information about 
the maximal subgroups of a group L^.iV with simple socle L'^ a classical group. 

We will sometimes precede the structure of a subgroup of a projective group with 
" which means that we are giving the structure of the pre-image in the corresponding 
universal group (we call this hat notation). For a given element g & L we will 
often write g* for an element in the corresponding universal group which projects 
onto g. The symbol * will also be used in a different way, with groups, e.g. Pj*, to 
signal that a group is a subgroup of a section of L oi L'^ . Write GF{q) for the finite 
field of size q. 

We now prove a small result which will be very useful: 

Lemma 15. Suppose that G has a unique component L and G acts transitively on 
the set of points of a projective plane y. Then, except when L = PQ^{S,q), there 
exists L < H < G such that H/Gh{L) < TL and H acts transitively on the set of 
points of?. Here TL is the full semilinear classical group associated with L. 

Proof. The result is trivial except when L'^ = PSL{n,q) while G/Gg{L) contains 
an inverse-transpose automorphism of L and when L = 5*^(4, 2^^) while G/Gg{L) 
contains a graph automorphism of L. In both cases G contains a normal subgroup 
H of index 2 such that H/Gh{L) < TL. Since we are acting on a set of odd order, 
any transitive action of G induces a transitive action of H as required. □ 

Lemma [T^ implies that, to prove Theorem A, it is enough to show that the 
subgroup H cannot act transitively upon a non-Desarguesian projective plane as 
this implies that the same must hold for G. Thus, except when L^ = PQ~^{8, q), we 
assume that G/Gg{L) < TL. 



We will write M e Cj to mean that M^" is in the i-th family of natural maximal 
subgroups of given by Kleidman and Liebeck [KL90j . When M is parabolic we 
will write M = to mean that M is a maximal parabolic subgroup fixing a totally 
singular subspace W of dimension m inside the natural classical geometry V of 
dimension n. 

When L"'" is an exceptional simple group we use different sources to find in- 
formation about maximal subgroups M of L. When M is parabolic we refer to 
|Car89l RjLS94t [GL83j . In some other cases, the maximal subgroups are completely 
enumerated; in particular for = ^-B9(g) [S"uz62j . for = ^G9(g) [Kle88al IWarGGj . 
for Lt = G2(g ) [Kl^88^ EooM], for Lt = ^F(rg) |Mal9ll lCCN+85j and for Lt = 
^D.r(/) [Kle88b] . 

In both classical and exceptional cases, we appeal to a result of Liebeck and 
Saxl |LS85j and Kantor jKan87j which gives the maximal subgroups of odd index 
in an almost simple group. In particular, when the socle is a finite simple classical 
group acting on a classical geometry V, such a maximal subgroup either lies in Ci 
(stabilizers of totally singular or non-singular subspaces) for characteristic 2 or, when 
the characteristic is odd, lies in Ci, 62 (stabilizers of decompositions into subspaces 
of fixed dimension, V = ©*=iVi) or C5 (stabihzers of subfields) or is in a small set 
of listed exceptions. 

Finally, when is a sporadic simple group we refer to |Asc86] which, amongst 
many other things, lists the maximal subgroups of odd index. 

Our analysis becomes slightly simpler by using the following result of Camina 
and Praeger which is a corollary of Lemma [UJ 

Lemma 16. ICP93[ Corollary 1] Let N he an abelian normal subgroup of a group 
G. Suppose that G acts line-transitively on a finite linear space T. Then N acts 
semiregularly on the points off. 

In the case where T is a projective plane we can apply Lemma [H Thus if L is a 
unique component of G then Z{L) is normal in G and must have order only divisible 
by primes congruent to 1(3) or by 3 to the first power. In the case where L is a 
group of Lie type, for instance, this implies that L is simple unless it is isomorphic 
to E^i^q), "^Eq^q), U{n,q) or PSL{n,q) for certain n. 

4.3 Hypothesis 

Finally we state our hypothesis for the rest of the paper: 

Hypothesis. 1. Suppose that G is a group with a unique component L; 

2. Suppose that G acts transitively on a set of points of order v = x"^ + x + 1 
where x = u^,u & Z,u > 2; 

3. Suppose that all involutions fix u"^ + u + 1 points; 

4- Suppose that La < M where M is a maximal subgroup of L of odd index and 
that v>\L: M\; 
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5. Except when L'^ = PQ^{8,q), suppose that G/Cg{L) < TL; 

6. Finally suppose that Z{L) has order only divisible by primes congruent to 1(3) 
or by 3 to the first power. 

Throughout the rest of the paper we will set L"^ to be in a particular family of 
simple groups and will prove the following result (which, in turn, implies Theorem 
A): 

Result. If L ^ PSL{2,q), then our hypothesis leads to a contradiction. If L = 
PSL{2,q), then our hypothesis along with two extra suppositions (described in Sec- 
tion^ leads to a contradiction. 

This result is entirely group theoretic and makes no reference to the geometry 
of projective planes. Note also that Lemmas [HI to [T3] all apply under our hypothesis 
since they depend only on the number of points + x + 1. 

5 is alternating or sporadic 

In this section we prove that, if L''" is alternating or sporadic, then the hypothesis 
in Section 14.31 leads to a contradiction. This implies the following proposition: 

Proposition 17. Suppose G has a unique component L such that L'^ is isomorphic 
to an alternating group. An with n > 5, or a sporadic simple group. Then G does 
not act transitively on a projective plane. 

When is a sporadic simple group, the maximal subgroups of of odd index 
are given by Aschbacher [Asc86] . Aschbacher's list implies that any maximal sub- 
group M of odd index in L has index divisible by 9 or by a prime congruent to 2(3). 
Since La must lie in such a maximal subgroup this contradicts Lemma [HI 

Suppose that L"'' = An, the alternating group on n letters. If n ^ 6, 7 then 
Z{L) < 2 jSchllj : thus, by Lemma GEl L = Lt = A„. If n = 6, 7 then Z{L) < 6 and 
so, by Lemma [T6l L = A„ or L = S.An- 

Assume for the moment that n > 7 and so L = An- Let g ^ L = An he a. double 
transposition. Then rig = _ Now An contains an abelian subgroup, 

H, of size 21-5-1"^ which contains at least [f J([fJ — 1) L-conjugates of g. 

Since H lies inside a Sylow 2-subgroup of L, we know that H lies in La for some 
point a. We conclude that 

rig ^ n(n — l){n — 2)(n — 3) 

^- 8LtJ(LfJ-i) ■ 

Next we refer to Lemma [7] and observe that \H\ < v. Furthermore, for u > 2, 
V < 2(^)2. Hence 

2LfJ-i < y{n-inn-2nn-?>f 
26[|J2(L|J-l)2 

=^ 2LtJ<n^ 
^ n < 43. 
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If u = 2 then v = 21 and again we can conclude that n < 43. Now to examine the 
cases where 7 < n < 43 we use a method similar to that in [CNP031 Section 5]. 

Consider the usual permutation action oi L = An as Alt{Q), acting on a set Q 
of size n. Then La contains a Sylow p-subgroup of L for every prime p = 2(3) and 
a subgroup of index 3 in a Sylow 3-subgroup of L. 

Let r be the longest orbit of Lq, in f2. If 8 < n < 10 then, since contains 
a Sylow 2-group and a Sylow 5-group of L, must be primitive; if 11 < n < 21 
then the same conclusion comes from the primes 2 and 11; if 22 < n < 33 then the 
same conclusion comes from the primes 2 and 17; and if 34 < n < 43 then the same 
conclusion comes from the primes 2 and 29. Now has odd index in Alt{r) and 5 
does not divide the index. By [LS85j this means that contains Alt{r). 

For n > 11, n ^ 39, we claim that |r| > n — 2. This is proved using Lemma 
[H] for each individual value of n. We do not reproduce this here but consider, for 
instance, when n = 16: Then La contains elements with cycle type (11) and (8,8) 
and so |r| = 16 > n — 2. 

Let us examine this case, where n > 11, n ^ 39. Consider again, g, a double 
transposition with Ug = _ xhen > g^j^^j go ^ < 



n(n— 1) 



< 3 for n > 11. This is impossible. 



(n-4)(n-5) 

For 77, = 39 it turns out, using Lemma [HI that IFI > 34. Then — < 3 and this 

Tg 

case is excluded. 

For = 8 or 10, the same argument gives |F| = n and no action exists. For 
= 9, |r| > 5 and, referring to jLS85j . La lies in an intransitive subgroup of L and 
this contradicts Lemma [HI 

Now suppose n <7. If n = 5 or 6 then Lemma [S] implies that \L : La\ < 3. This 
is impossible since no subgroup of such small index exists in L. We are left with 
n = 7. 

When n = 7 we know that La contains an element of order 5. Examining 
|CCN+85j this means that M"!" = S5 or Aq. In fact we must have La = S5 or Aq. In 
both cases — is not an integer. Thus all cases are excluded. 



Remark. It is worth noting that we could prove Proposition 11 directly by appealing 



to IGHOCk Theorem 1] and then dealing with the cases where n <21. 

6 = PSL{n,q), n> 3 

In this section we assume that n > 3 and prove that, if L'' = PSL{n,q), then 
the hypothesis in Section 14.31 leads to a contradiction. This implies the following 
proposition: 

Proposition 18. Suppose G has a unique component such that L'^ is isomorphic to 
PSL{n,q) with n > 3. Then G does not act transitively on a projective plane. 

Consider SL{n, q) acting naturally on a vector space V . Then recall that a 
transvection, g* say, in SL{n, q) is an automorphism of V such that g* — I has rank 
1 and square 0. We now state the following preliminary result: 



Lemma 19. Let C be a conjugacy classes of involutions in L corresponding to either, 



• diagonalizahle involutions in the natural modular representation of SL{n, q) 
with q odd; or to 

• the projective image of transvections in SL[n, q), where q = 2°- for some integer 
a. 

Then C is invariant under TL. 

Proof. Consider the diagonalizahle case first. We need to consider the actions by 
conjugation of automorphisms of SL{n, q) on a diagonal matrix, 



/ -1 



V 



1 / 



Clearly a field automorphism will preserve g*. Similarly an automorphism lying in 
GL{n, q) of form, 

/ 1 \ 



v 



where a G GF{q)*, also preserves g*. These generate the full outer automorphism 
group of SL{n, q) in rL(n, q) and we are done. In the case where we have a transvec- 
tion then we consider the actions by conjugation of automorphisms of SL{n, q) on 
a matrix, 

/I 1 ... \ 
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1 



V 





1 / 



Clearly both field automorphisms and the automorphism in GL{n, q) exhibited above 
preserve g* and we are done. □ 

Much of the ensuing treatment will involve counting involutions g. We will take 
care to ensure that g is always of one of the two types in this lemma thus ensuring 
that Ug = rg{L) = \L : Ci((?)| and Vg = rg{La). Also, observe that we may exclude 
PSL{A, 2) = Ag. We begin by restricting the family within which M, a maximal 
subgroup of L containing L„, may lie: 
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6.1 La, must lie in a parabolic subgroup 

By Liebeck and Saxl [LS85j . we know that lies inside a maximal subgroup M 
where 

• for q odd, M G Ci, 62 or 65; or n = 4; 

• for q even, M G Ci. 

Lemma 20. cannot lie inside a maximal subgroup from families Qi,i > 1. 
Proof. We may assume that q is odd. In SL{n,q), define 

/ -1 \ 

-1 

1 

Then g* is centralized in SL{n,q) by {SL(2,q) x SL{n — 2,g)).(g — 1) Then the 
projective image,(7 , of g* is an involution in L and Ug divides 

g + 1 

Examining the order of subgroups M in C2 of 65 we find that |M|p < g3("-~i)"- 
and hence |L : M|p > g3("~i)". Since > 3, we know that q^ divides the index 
of any maximal subgroup in C2 or 65. In the case where n = 4, the only maximal 
subgroups of odd index which do not lie in families Ci, 62 or 65 also have index 
divisible by . Hence p > 7 by Lemma [H Then, by Lemma [131 the largest power 
of p in w is 

Thus, for n > 4, gi"("-i)-2(n-2) ^ ^\{v?-^n+%) (iivi(;igg the order of L^- We 
therefore need to have \{t? — 5n + 8) < \{n — and so < 7. 

If n is 5 or 6 then the only possibility that fits this inequality is when M = 
NL{L{n, go)) for q = q^. But then \L : M\ is even and so this case can be excluded. 
This possibility can also be excluded when n = 4. However when n = 4 we also 
need to consider the following further possibilities (note that when n = 4 we can 
assume that L = PSL{A, q)): 

• M = \SL{2,q) X SL{2,q)).{q - 1).2. (Recall that we use hat notation 
(") to indicate that we are giving the structure of the pre-image of M in 
SL{4:,q).) In this case \L : M\ = Ug = \q'^{q^ + l)(g^ + g + 1). Then we 
know that the maximum power of p in f is q^ hence La contains Sylow p- 
subgroups of M. However the index of a parabolic subgroup in SL{2, q) is 
even, hence we must have "{SL{2,q) x SL{2,q)).2 < L^- Then we know that 

for some a, > " ^ SL{2, q) ^^^^ ^ . Since La also contains a Sylow 2- 
subgroup of PSL{4:, q), this implies^^at La must contain the projective image 



of 



/ 1 \ 

-1 

1 



which is L-conjugate to g and so > q^{q + 1)^. Thus 



V -1 / 

— < \<f{<f + '^) andt; 

^9 

contradicting Lemma [TTl 



< \q^{q^ + l) and v < q'^{q^ + l){q^ + q+l) and so = \q^{q^ + l){q^ + q + l] 



• M = L(4, go).[(^(go - 1, 4)] where c = {q - l)/(go - 1, j^)) and g = ql 
Then |L : M| = (^^^(^s + ^4 + i)(^6 + ^3 + i)(^4 + ^2 + _ 4)). 

Now we know that p = 1(3) and so the highest power of 3 in c is 3. Then we 
have 9||L : M\ which is impossible. 

• M is of odd index but does not lie in families Ci, C2 or C5. Examining |KL90l 
ILS85] we find that there are two possibilities: Either M G Cg and M = 

or M G Cg and M = PGSp{A, q). In the former case, q^ divides \L : M\ which 
is a contradiction. In the latter case, since p = 1(3), we find that 9 divides 
|L : M| which, again, is a contradiction. 

□ 

Thus we assume from here on that La lies inside M G Ci. This means that La 
must always lie inside a parabolic subgroup, Pm, which stabilizes a subspace W of 
dimension m in the natural vector space for G. We now seek to bound m. 

6.2 La lies in P^, m small 

We begin by noting some preliminary facts which we will use to establish which 
parabolic groups P^ are possible candidates to contain La- In particular we will 
show that m is small. 

Lemma 21. Suppose La lies inside Pm- Forr|(^), r prime, there exists an integer 
a such that (1 + + ■ ■ ■ + g"('''~^)) divides \L : P^l which, in turn, divides v- 

Corollary 22. Suppose La lies inside Pm- 

• Ifp = 1(3) then for all primes r dividing we must have r = 1(3) or r = 3 
and9/(:). 

• If p is odd then ("J must he odd and so either 

— n is odd; or 

— n is even and m is even- 

. Ifp = 2 then □ ^0(4). 

Proof- We need only prove the final statement. Suppose 4| . Then either {q^ + l)\v 
or (g + l)^|w. This means that either v is divisible by a prime congruent to 2(3) or 
that 9 1 1;. Both of these are impossible. □ 



Note that, since {n,q) ^ (4,2), the smallest index of a parabolic subgroup in 
PSL{n,q), 77, > 4 is 31 ( |KL90t table 5.2A]). Since a: is a square we know that 
v>91 and so d„ < 2^. 



6.2.1 Case: n odd, p odd 

In this case L contains the projective image, g, of 

/ -1 \ 



9 



-1 



V 



Then rig = g""" + ■ ■ ■ + g + 1). Furthermore, since n > A, g is conjugate in 

G to the projective image, h, of at least one other diagonal matrix. Then g and 
h commute and lie in an elementary abelian 2-group. Since La contains a Sylow 
2-subgroup of L, we must have rg > 2. 

Thus ^ < ig"-Hg""^ + ■■ ■ + q + I), dg < + ■ ■ ■ + g + 1) and w < 



1 ^2n-2f ^n-l 



l„n—l(„n—l 

■ ■ + g + 1)^. Now observe that. 



+ g + 1)' > g'"-' 



(g" - 1)' > 2g'"-^(g 
2n > 2g2"-i(g- 1)2 



=^ g 
=^ g>2(g-l)2 

^ g < 3. 

We know that g > 3 hence \{q^~^ + ■ ■ ■ + g + 1)^ < g^"-! and v < g"^""^. But 
\L : Pm\ > hence, for n > 23, we have m < 4. We use Corollary [221 to 

narrow down the possibilities: 



1. For p = 1(3) we find, by explicit calculation using Corollary [221 that m < 4 
for all n. In fact, checking small n we find that if m = 1,2 then n > 7; if 
m = 3 then n > 39; if m = 4 then n > 70. 

2. For p ^ 1(3) then ^|3(g"-i + ■ ■ ■ + g + 1). Hence rf^ < 3.g" and so v < Qg^". 
For n > 11 this implies that m < 2. 

Checking the cases where n < 11 we find that m < 2 or (n, m) = (7, 3). This 
final case will be dealt with along with other exceptional cases at the end of 
Section 16. 3. 91 
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6.2.2 Case: n even, p odd 



Note that in this case we must have m even and L contains the projective image, g, 
of 

/ -1 \ 



-1 



Now rin 



i£ < ig2{n-2)( 



V 

f(n-2)^qn-2 + ... + ^2 ^ ^^^^ 
+ --- + g2 + l)(g"-2 + 



n-2 



V«-2 



q + 1). Again Vg > 2 and so 

1). This gives dg < g2(n-2)(^^n-2 ^ 



+ ■ ■ 

■+g2+l)(g"-2+...+g+i)andsov < 
In a similar fashion to before we know that, for q > 3 and n > A, 

1 



g2+l)2(g"-2+...+g+r 



;(9 



n-2 



+ ■ 



n-2 



1)2 < g^"-^ 



and so f < q^"' But \PSL{n,q) : P,„| > g™''^" '"^ hence, for n > 70, we have 
m <8. Once again we use Corollary [22] to narrow down the possibilities: 



1. For p = 1(3), we find that n < 70 implies that m 
(14, 2), (38, 2) or (62,2). 



2. In fact (n, m) 



2. For p ^ 1(3), ^|3(g"-2 + . . . + g2 ^ l)(g"-2 + ■ • ■ + g + 1) < 3g2"-3. Thus 

V < 9g^""^. But |G : Pm\ > Thus for n > 18 we must have m < 4. 

For n < 18, m < 4 or (n, m) = (14, 6). This final case will be dealt with along 
with other exceptional cases in Section I6.3.9[ 



6.2.3 Case: p = 2 

In this case G contains the projective image, g, of 



/I 
1 



v 



1\ 




1 

1 



Here g* is a transvection and Ug = (g"'" — l)(g"~ + ■ ■ ■ + g + 1). Examining 
a Sylow-2 subgroup of PSL{n,q) we see that it contains at least 2(g"~^ — 1) L- 
conjugates of g. Since must contain one such Sylow 2-subgroup, we conclude 
that rg > 2(g"-i - 1) and so ^ < |(g"~^ + ■ ■ ■ + g + 1). Since dg < 2^, v < 

^ ^ g + i)2_ Also, since L„ < P^n and \PSL{n,q) : > g 

conclude that, for n > 10, m < 2. 

For n < 10, the fact that 4 /("J implies that (n,m) 
m > 2. We rule these three possibilities ^gt in turn: 



m(n—m) 



we 



(7, 3), (8, 4) or (9,4) if 



• (9,4): This gives g^^^"^) > g^" which is a contradiction. 

• (8,4): In this case, {q^ + 1)||G : P4I which is impossible. 

• (7, 3): In this case, \G : P^l = {q^ - q + l){q^ -\ h g + l)(g^ H h g + 1) > 

|(g^ + ■ ■ ■ + g + 1)^ > V which is a contradiction. 

Note that if m = 2 and n = 0, 1(4) then (g^ + l)|w which is impossible. Hence 
when m = 2 we assume that n = 2, 3(4). 

6.2.4 Cases to be examined 

We now state those values of m for which < Pm. gives a potential transitive action 
of G: 

1. p = 2: m = 1 [n > 5) OT 2 {n > 6); 

2. p ^ 1(3), p odd: 

• n odd: m = 1 (n > 5), m = 2 (n > 7) or (n, m) = (7, 3); 

• n even: m = 2 (n > 6), m = 4(n > 12) or (n, m) = (14, 6); 

3. p = m: 

• n even: m = 2 (n = 14 or n > 38), m = 4, 6, 8 {n > 70); 

• n odd: m = 1, 2 (n > 7), m. = 3 (n > 39), m = 4 [n > 70). 

Remark. iVoie i/iai n = A is now done. We will assume that n > 5 from now on. 

All that remains is to go through the listed cases one at a time assuming that 
La lies inside the given and so |L : P^l divides v. We seek a contradiction. We 
begin with a preliminary lemma and corollary which will be useful for counting the 
number of involutions in Lq,: 

Lemma 23. Suppose that q is an odd prime power. Assume that the following two 
matrices are involutions in SL{n,q), then they are conjugate in SL{n,q): 



r 




r 


" 1 


\ 


w j 


• \ 


w j 



where V G GL{m, q), W & GL{n — m, g) and Xi G M{m x {n — m), g), the set of 
m by n — m matrices over the field of q elements. 

Proof. Since these matrices are involutions we must have 

yXi + XiW = 0. 

Take X such that 2X = -XiW. Then AX = Xi + XW and we find that: 
I X \ f V X^ \ ^ f V \ f I X\ 

I J \ w J \ w J \ o I J - 

16 ° 



Corollary 24. Let q be odd and suppose that lies inside a parabolic subgroup, 
Pm, of L where = : [B : C) with C = q — 1 and 

_ I ^ M{m X (n — m), g) \ q — ( ^^i''^^ l) 



I y ' I SL{n — m, q) 

Define 7r{La) to be equal to the following set: 



Y2 r\ Y2 



G A : {B : C), for some Z G M{m x (n — m), q) 
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the projection of Pm onto the Levi quotient restricted to L^. Now assume that La 
contains an involution g which is the projective image of an involution in SL{n, q), 
Xi Y 
X2 

Then Vg is greater than or equal to the number of tt [La) -conjugates of the block 
diagonal matrix ^ X ^ ^(-^q)- 

Recall that, in our statement of the corollary, we use hat notation (") to indicate 
that we are giving the structure of the pre-image of P^ in SL{n,q). Note that 
in what follows we will assume that L^ lies in a parabolic subgroup which is L- 
conjugate to one of the above form. In fact, in PSL{n, q) where n > 3, there are 
two conjugacy classes of parabolic subgroups. However, since these two classes are 
fused by a graph automorphism, our method extends trivially to cover the other 
class. 



6.3 Remaining Cases 
6.3.1 Case: p = 2,m. = 1 

Take (7* a transvection as before, with ra^ = — l)(g'^~^ + - ■ ■ + Recall that 

rg > 2(g"-i- 1) and so ^ < + ■ ■ ■ + g + 1) and so < Kg'^"^ + ■ ■ ■ + g + 1)^. 

Then we suppose that La = ^A.B.C < P\ = "[g"""*^] : (^^(n — 1, g).(g — 1)). Since 
La contains a Sylow 2-subgroup of L, A = [g*^"^] with B < SL{n — l, g), C < (g — 1). 
Now \L: Pi\= g"-i + - ■■ + g + l and thus |^L(n-l,g) : B\ < i(g"-i + ■ ■ ■ + g + 1). 
We know that B contains a Sylow 2-subgroup of SL{n — 1, g) and so we are in one 
of the following situations: 



• B < Pm^i a parabolic subgroup of SL{n — l,g). For n > 5 and mi > 2 
observe that \SL{n - l,q) : P^J > g2("-3) > l(g"-i + . . . + g + 1) which 
is impossible. Thus mi = 1 and B < [g""^] : GL{n — 2,g). In this case 

+ . . . + g+i)(gn-2 + . . . + aud 5 = [g^^^] : 5* where |GL(n-2,g) : 

Bl\ < q. Thus B > Bl> SL{n - 2, g). 

• B = SL{n-l,q). 
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Consider the second situation first. We know that, for some a, '^{La) contains 



SL{n — 1, g) 
are conjugate in L: 



. We also know that projective images of the following matrices 



/ 1 
1 



V 



i\ 





/ 1 



1 

1 



1 

1 



V 



1 


1 

1 



1). This 



Thus, by Corollary [241 '^g 

implies that ^ < g(g + 1) and v < + + 1. This is a contradiction for n > 5. 

Thus we assume that we are in the first situation. The same argument though 
implies that > rg{''SL{n — 2,q)) > {q"'~^ — 1) {q"''^ + ■ ■ ■ + q + 1) . This implies that 
^ < (g2 + 1)2 and so ^ < g"^ + + 1. This means that < g^ + 4g6 + 7g^ + Gg^ + 3. 

We know that (g"~^ + ■ ■ ■ + g + l)(g'"~2 + ■ ■ ■ + g + l)|f which gives a contradiction 
for n> 6. 

For n = 5 we find that (g^ + g^ + g + l)|f hence (g^ + l)\v which implies that a 
prime pi = 2(3) divides v which is a contradiction. 



6.3.2 Case: p = 2,m = 2 

We assume here that n > 6 and < P2 = "[g^^""^)] : (^L(2, g)x^L(n-2, g)).(g-l). 
Now P2 has index (g"~^ + ■ ■ ■ + g + l)(g"^2 + -- - + g + l)/(g + l). We know, as before, 

thatt" < |(g""-^H hg+l)^ hence \P2 : L^l < g(g+l). Now observe that SL{n—2,q) 

does not have a subgroup of index less than g(g + 1) hence La > SL{n — 2, g). As 
for m = 1, this implies that v < q^ + 4g^ + 7g^ + Gg^ + 3. This must be greater than 
the index of P2 and so we must have n = 6. 

In fact when we examine n = 6 we find that, to satisfy the bound, we must have 
g = 2. Explicit calculation of n^, and \L : P2I excludes this possibility. 

Remark. From here on we assume that p is odd and n > 5. 



6.3.3 Case: p odd, p ^ 1(3), n odd, m=l 

For the next two cases take g as before for p odd and n odd with Ug = g"--i(g"-i _)- 
■ ■ ■ + g + 1). We suppose that L„ = ^A.B.C < Pi = "[g""^] : {SL{n - 1, g).(g - 1)). 
Here A < [g""^], B < SL{n - 1, g) and C < g - 1. Note that \L:Pi\ = g^-^ + ■ ■ ■ + 
g + 1. 

Suppose first that p 7^ 3. Then y-\q'^~^ + - ■ ■+g+l and so w < 2(g"~-^ + - ■ ■+g+l)2. 
Then |Pi : Lq,| < 2(g"~^ + ■ ■ ■ + g + 1). Now La contains a Sylow-p subgroup of L 
since p = 2(3). Hence B either lies in a parabohc subgroup, P^^, of SL{n — 1, g) or 
B = SL{n-l,q). 
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Observe that if mi is odd then \SL{n — l, q) : \ is even. Thus we must assume 
that mi is even, in which case \SL{n — 1, g) : P^J > > 2{q^~^ + ■ — \- q + 1) 

for n > 6. This is a contradiction. For n = 5, Pg* ^Iso has even index in S'L(4, q) 
so can be excluded. Hence we assume that B = SL{n — and \C\ is even. We 

know that, for some a, vr(La) contains \ qj, \ o ) • Thus, appeahng 



SL{n-l,q).2 

to Corollary [211 we conclude that r-g > rg(^SL{n— 1, q).2) > g"-2j^g,n-2 _^ h g + 1) 

and so ^ < g(g +1). This means that f < + + 1 which is a contradiction for 
n > 5. 

We are left with the case where p = 3. Now L„ contains a group of index 3 in 
a Sylow-3 subgroup of L and |L : L^l is odd. Hence B either lies in a parabolic 
subgroup, P^^ of 5'L(n — 1, q) or B = SL{n — l, q). The case where B = SL{n — l, q) 
is ruled out exactly as for p 7^ 3. 

Consider B < P^^ < SL{n — l, q) and suppose that n > 8. Then v > g^+- ■ ■+q+ 
1 > 1333 and ^ > 31. This, combined with the fact that ^ < 3(g"-i + ■ ■ ■ + g + 1), 
means that v < 12(g"~^ + h g + 1)^. 

Now B lies in P^^ and so mi must be even. Then \SL{n — l, g) : P^^ | > g^^"^^) > 
12(g"~^ + ■ ■ ■ + g + 1) for n > 8 which is a contradiction. We are left with n = 5 or 
7. If n = 5 then we exclude it as for p ^ 3. 

For n = 7, we know that dg < 2^- < 6(g^ + ■ ■ ■ + g + 1) and so f < 18(g^ + ■ ■ ■ + 
g + 1)^. Thus we require that g2(^^3) <- \SL{n-l,q) : P^^J < 18(g6 + ■ ■ ■ + g + 1). 
This is impossible for g > 9. 

When g = 3 we find that ^|3(g^ + . . . + g + 1) = 3279. Now ^ = u^-u+lioi 
some integer u and so — <g^ + -- - + g + l and we refer to the case where p ^ 3. 



Remark. Note that we have now covered all possible cases where n = 5 and we 
assume that n > 6 from here on. 



6.3.4 Case: p odd, p ^ 1(3), n odd, m = 2 

In this case L„ = "AP.C < P2 = "[g^^'^-^)] : (5L(2,g) x SL{n - 2,g)).(g - 1) 
where A < [g"-i], B < SL{2,q) x SL{n - 2, g) and C < g - 1. Now \L : P2I = 
(g"-3 + . . . + g2 + + . . . + g + 1). 

Now we know that ^|3(g"-^ H h g + 1). Thus v < 12(g"-^ H h g + 1)^ 

and hence IP2 : La\ < 12(g + 1)^. If (n, g) 7^ (7, 3) then no subgroup of SL{n — 2, g) 
has index less than 12(g + 1)^ unless (n, g) = (7, 3). If (n, g) = (7, 3) then the only 
subgroups of SL{5, q) with indices less than 12(3 + 1)^ are the parabolic subgroups. 
These have indices in SL{5, g) divisible by 11 and so can be excluded. This implies 
that in all cases B = B* x SL{n — 2, g) for B* some subgroup of SL{2, g). 

Now B = B* X SL{n — 2,g) implies that vr(LQ,) > SL{n — 2,g).2 and so, by 
Corollary [21 Vg > Tg^^SLin - 2, g)) > g"-3(g"-3 + . . . + g + 1) and ^ < q^{q^ + 1) 
and so f < g^ + g^ + 1. This gives a contradiction for n > 7. 
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6.3.5 Case: p odd, p ^ 1(3), n even, m = 2 



For the next two cases, take g as earlier for p odd and n even. Then Ug = 
g2(n-2)(^g,n-2 _^ . . . _^ g _^ + ■ ■ ■ + + 1). As in the previous case, La = 

"A.B.C < P2 = : lsL{2,q) x ^L(ri - 2,q)).{q - 1) where A < [^^("-2)], 

5 < {SL{2, q) X - 2, g)), C < g - 1 and 7r(L„) = Now P2 has index in 

L, (g"-2 + . . . + ^2 ^ i)^^n-2 + . . . + ^ + 

We know, by Lemma [TH that one of the following must hold: 

• B < {SL{2, q) X El) for some Bi < SL{n - 2, g); 

• 5 = (B2 X - 2, g)) for some B2 < SL{2, q). 

Consider the second possibility. As previously Corollary [24] implies that Tg > 
rg{'-SL{n-2, g)) > g2("-4)(gn-4 + . . .+g+i)(gn-4^. . .j^q^j^iy xhen ^ < g^(g2 + l)2 

and V < q^^ which is a contradiction for n > 11. We will need to consider n = 6, 8, 10. 

We turn to the first possibility above. We know that ^|3(g"'~^+- ■ ■+g+l)(g"'~^ + 

h g^ + 1). This implies that v < 9(g"^2 H h g + l)^(g""^ H h g^ + 1) and 

so IP2 '■ La\ < 9(g"'~^ + ■ ■ ■ + g + 1)^. Thus we must have Bi lying inside a parabolic 
subgroup, P^^, in^L(n-2,g) with |^L(n-2,g) : P^J < 9(g"-2 + . . . + g + 1)2, We 
know that mi must be even. If mi > 4 then we know that \SL{n — 2, g) : P^ | > 
^4(n-2-4) jg contradiction for n > 12. Thus n — 2 < 8 in which case mi = 4 is 

not allowed and so this can also be excluded. Thus we must have mi = 2. However 
we know that (2) is odd and so n = 2(4), hence n — 2 = 0(4), hence ("g^) is even 
and \SL{n — 2, g) : Pg*! is even by Lemma fill We may exclude this possibility. 

We are left with the possibility that n = 6, 8 or 10 and B = B2 x SL{n — 2, g) 
for some P2 < SL{2, g). 

Observe first that A.B.C/A acts on the non-identity elements of A by conjuga- 
tion. Since B = B2X SL{n — 2, g), this action has orbits of size divisible by g"~^ — 1. 

When p = 3, g"~^ — 1 does not divide ^—^ 1 hence in all cases we may assume 

that A = [g2("-2)]. 

Then, for some a, A : B (or its transpose) has the following form and contains 
the following conjugate of g*: 

( I2x2 ^ 

\ SL{n-2,q) 

V 1/ 

Observe that \A : CA{h*)\ = q\ Thus Vg > q^rgCSL{n - 2,g)) > g2"-4(g"-4 + 
• • • + g + l)(g"~^ + ■ ■ ■ + g^ + 1). Thus ^ < (g^ + 1)^. In fact we may assume that 
^ < g^ + g2 + 1 and so dg < q^ + 3q^ + 3 and ^; < (g^ + g^ + l)(g^ + 3q^ + 3). 

Now \L : P2I = (g"-2 + ---+g2 + l)(g-2 + ... + g+l) > (g4^^2^^)(^4^3^2^3) 

for n > 6, g > 3. This is a contradiction. 

Remark. Observe that we have now completed the case where n = 6. We assume 
that n > 7 from now on. 
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6.3.6 Case: p odd, p ^ 1(3), n even, m = 4 

We assume, for this case, that n > 12. Similarly to the previous case, = 
-A.B.C < Pi = '[g4('^-4)] . {SL{A,q) x SL{n - 4,g)).(g - 1) where A < [g^^""^)], 
B < (^L(4, q) X SL{n - 4, g)), C < g - 1 and 7r(L„) = "B.C. 



As before, Ug 



g2("-2)(g"-2+. . .+g+i)(gn-2^. . .+g2^i) and so ^\3{q 



.n-2 



■ + 



g+l)(g""2 + - ■ -+^2 + 1). This implies that v < 9(g""2 + . . .+g+i)3(^n-2_ 
Then we have 



■+q^ + l). 



\L : PaWPa : L„| < 9( 



,n-2 



g + l)^(g 



3/ 



+ 



Since Qiq"--"^ -\ hg + l)^(g""^H hg^ + 1) < g^""^ we must have IP4 : L„| < g^^. 

We know, by Lemma [HI that one of the following must hold: 

• B < {SL{2, g) X Bi) for some Bi < SL{n - 4, g). In this case \SL{n - 4, g) : 
Si I < g^^. For n > 12 this implies that i?i lies in the parabolic subgroup Pi 
of SL{n — 4, g). But this has even index and so can be excluded. 

• 5 = (^2 X SL{n - 4, g)) for some B2 < SL{A, g). 

Thus the second possibility must hold. As before Corollary [21] implies that 

Tg > TgiCSLin - 4,g)) > g2(n-6)^^n-6 + . . . + ^ + l)(g'^-6 + . . . + g2 ^ r^^ieil 

^ < g8(g4 + 1)2 and 



^9 < — 



+ 2 




2< (g« + g^ + 3)g^(g^ + l) 



giving w < g^^(g^ + l)^(g^ + g^ + 3) which is a contradiction for n > 12. 



6.3.7 Case: p odd, p = 1(3), n even, m = 2,4,6 or 
We will take g to be the projective image of, 

/ -1 \ 



-1 



Then Ug = q 



2(n-2) 



\ 

■ + g2 + l)(g 



n-2 



■ + g + l) and we know that v < q' 



,8n-15 



Recall that when m = 2 we may assume that n = 14 or n > 38, otherwise n > 70. 

Let L„ = '-A.B.C < Pm = '[g2("-"*)] : {SL{m,q) x SL{n - m,q)).{q - 1) where 
A < [gM"-™)]^ B < {SL{m, q) x SL{n - m, g)), C < g - 1 and ti{L^) = "B.C. Note 
that \L:P^\> and so IP™ : L„| < 



8n— 15— mn+m^ 



There are two possibilities for B, by Lemma [T 
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B = (i?2 X SL{n — m, q)) for some B2 < SL{m, q). Then Corollary [2^ implies 

that Tg > TgiCSLin-m, q)) > g2{n-m-2)(^^n-m-2^. . . + g + ^ ) ^ . . .^^2^ 

1). Then ^ < q^^{q"^ + 1)2 and v < q^"^^^ Thus we need m{n - m) < 8m + 3 
which implies that m > which is a contradiction. 

B < {SL{m,q) x for some Bi < SL{n — m,q). By Liebeck and Saxl 
|LS85j . the projective image of Bi in PSL{n — m, q) must lie in families Ci, 62 
or 65. The latter two possibilities imply that, 

-nin — 1) < 8n — 15 — ran + 
4 

n — (33 — m)n + (60 - m^) < 
n < 33 — m 
n = 14, m = 2. 

We examine the remaining situation with n = 14, m = 2. Then one sub- 
group in 62 has index less than g8"-i5-'""+'" = g^n-ii^ namely the projec- 
tive image of Q2 = {SL{6,q) x SL{6,q)).{q — 1).2 which has even index in 
PSL{12,q). Similarly the only subgroup in 65 with index less than g^n-ii 
NpsL{i2,q){PSL{12, go)) where q = q^. This also has even index in PSL{12, q) 
and so can be excluded. 

Thus Bi lies in a parabolic subgroup P*^^ of SL{n — m,q). Since — m is 
even, we must have mi even to have i := |5'L(?7. — m,q) : P^J odd. Observe 
that ^'"iC"-"^-™!) < i < qSn-i5-mn+m\ guppose first that m + mi > 10. The 
upper and lower bounds for i imply that 

(10 — m)(r2 — 10) < 8r2 — 15 — mn + m^ 
=^ 2n<m^ - 10m + 85 
=^ n < 35, m = 2. 

We examine the remaining situation with n < 35, m = 2. Referring to Corol- 
lary [22] the only value of n less than 35 for which P2 has admissible index 
is n = 14. But in this case mi = 8 is too large to define a parabolic group 
in S'L(12,g). This case is excluded. Thus we assume that m + mi < 8 and 
m < 6. We split into cases: 

— Suppose that m = 6 and so mi = 2. Then \L : Pq\ odd implies that (g) 
is odd and hence n = 2(4). However this implies that ("2^) is even and 
so i is even which is impossible. 

— Suppose that m = 4 and so mi < 4. Recall that, by Corollary [221 5 does 
not divide (^) hence n = 4(5). However this implies that 5 divides {^~^^) 
which implies, by Lemma [211 that i is divisible by a prime pi = 2(3) 
which is impossible. 

— Suppose that m = 2 and so mi < 6. We exclude mi = 2 or 6 in the same 

way as we excluded mi = 2 for m = 6. We exclude mi = 4 in the same 

way as we excluded mi = 4 for m = 4. Hence we are done. 
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6.3.8 Case: p odd, p = 1(3), n odd, m = 1, 2, 3 or 4 



We will take g to be the projective image of, 

/ -1 \ 



9 



\ 



I 



Then rin 



(I 



1) and we know that v < q 

n-l 



4n-3 



. Furthermore, by 



Lemma fT3l we know that \v\p < Recall that, for m = 1 or 2, we have n = 7 

OT n > 13, for m = 3 we have n > 39 and for m = 4 we have n > 70. 

Then, in this case, L„ = "A.B.C < = "[g""'"] : {SL{n - m,q).{q - 1)) 
where A < [g""™], B < SL{n - m,q), C < q - 1 and 7r(L«) = Note that 

\L : Pm\ > and so \SL{n -m,q):B\< g4n-3-mnW_ 

There are two possibilities for B, by Lemma [TH 

• B = (i?2 X SL{n — m,q)) for some B2 < SL{m, q). We know that 2 < C and 
so, by CorollaryEl Vg > rg{''SL{n - m, g).2) > qu-m-i^^n-m-i + . . . + ^ + 



Hence — < q^i^q^ + 1) and v < g^"^ + g^"* + 1. Thus we must have 



m{n — m) < Am + 1 

+ (4 - n)m + 1 > 
m > n — 5. 



This is a contradiction. 

• B < {SL{m,q) x Bi) for some i?i < SL{n — m,q). By Liebeck and Saxl 
|LS85j . the projective image of Bi in PSL{n — m,q) must lie in a subgroup 
M of PSL{m, g) from families Ci, C2 or 65. The latter two possibilities imply 
that, 

-n(n — 1) < An — 3 — mn + 
4 ^ ^ 

^ - (17-4m)n + (12-4m^) < 
=^ n < 17 — 2m. 



This implies that either m = 2 and n = 7 or m = 1 and n = 7, 13. In 
fact, when m = 1 and n = 13 the initial inequality is not satisfied and this 
possibility can be excluded. When m = 2 and n = 7, the only possibility is if 
Bi< M = Ni^i^g^iL^iqo)) where g = g^. But \SL{n - 2,g) : M| is even here 
and can be excluded. When m = 1 and n = 7 we must have M a subgroup of 
SL{6,q) in 62 or 65 and |S'L(6,g) : M\ < q^^. The only such subgroups are 
M = '(^L(3,g))2.(g - 1).2 and M = A^i(6,<;)(L(6, go)) where g = ql Both of 
these subgroups have even index in SL{6, g) and hence Bi does not lie inside 
such an M. 
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Thus Bi lies in a parabolic subgroup, of SL{n — m, q). Write i := \SL{n — 
m,q) : P^J and observe that g™i("-™--™i) < ^ < g'in-s-mn+m^ ^ Suppose first 
that m + nil > 5. The upper and lower bounds for i imply that 

(5 — m) (ri — 5) < 4n — 3 — mn + 
71 < — 5m. + 28. 

This implies that n < 24 and either m = 1 or m = 2. These cases imply that 
mi > 3. Now for i to be divisible only by primes congruent to 1(3) or by 3 
but not 9, we must have ("~^) divisible only by primes congruent to 1(3) or 
by 3 but not 9 and hence n — m > 39 which is a contradiction. 

Thus m + nil < 4 and m < 3. Note that if ni is odd then mi must be even 
since i is odd implies that ("^™) is odd. This excludes m = 3 and ensures 
that, for m = 1, mi = 2. 

Observe some facts about the remaining cases: 

— Suppose that m = 1 and mi = 2. We must have > 39 to ensure that n 
and ) are divisible only by primes congruent to 1(3) or by 3 but not 
9. Then we have Bi < P* = [g2('^-3)] . (SL{2,q) x SL{n - 3,q)).{q - 1) 
and, since \SL{n - l,g) : P;\ > g2(n-3)^ ^-^^^ |p* . < ^n+4_ 

— Suppose that m = 2. li n = 7 then Bi lies inside a parabolic subgroup 
of S'L(5,g). But 5 divides for j = 1,2 which is not allowed. Thus 
n > 39 as this is the next smallest number with allowable divisors of 
(2). Consider mi = 2. Since (2) is odd we must have n = 3(4) and so 
("2^) even which is a contradiction. Hence mi = 1 and Bi < = 

: SL{n - 3,g).(g - 1). Now \SL{n - 2, g) : P*\ > g"-^ and so 
|P* : Pil < 

Now the only subgroup of SL{n — 3,g) in Ci, C2 or C5 with index less than 
g""*"^ is a parabolic subgroup Pj* which has even index. Thus, for m = 1 and 
m = 2, Pi > SL{n-3,q).2 and so, by Corollary[2a > rg("5L(n-3, g).2) > 
g,n-4j^q,n~4 _|_ 1_ g _|_ ]^~)^ Heucc ^ < q^{q^ + 1) and v < g-*^^ + g^ + 1 which is 

a contradiction. 



6.3.9 Exceptional cases 

We have deferred two cases in the process of our proof. Firstly we need to consider 
the possibility that n = 7,p ^ 1(3) is odd and < P3, a parabolic subgroup 
stabilizing a 3-dimensional subspace in the vector space for G. We exclude this 
possibility as follows: 

Refer to Section [6.2.11 when np is odd and suppose that < P3. In this case 
^|3(g6 + ■ ■ ■ + g + 1) and |L : P3I = (gS + ■ ■ ■ + g + l)(g'^ + g^ + g^ + g^ + 1). Thus 
v> g^2 and ^ > g^ > 243. 
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Suppose first that ^ < g^H hg+1. Then u'^-u+1 = ^ < |(g^H hg+l) 

and u'^ + U + 1 = dn < + + + + 1 since ^ > 243. Thus v < \L : P^l which 
is a contradiction. 

Then consider the case where ^>q^ + -- - + q + l- We must have v > 3{q^ + 
■ ■ ■ + q + l){q^ + q'^ + q^ + q"^ + 1). Suppose that ^ = q^ + ■ ■ ■ + q + 1. Then our lower 
bound on v imphes that dg > 3(g^ + + g'^ + + 1) > 2^ which is impossible. 
The only other possibility is that ^ = 3(g^ + -- - + g + l) = u"^ — u + 1. But then 
u"^ + u + 1 = dg < 7(g^ + g^ + g'^ + g^ + 1) which again is impossible for g > 7. For 
g = 3, 5 we find that 3(g^ + -- - + g + l) ^ — u + 1 for integer u and so these cases 
can be excluded. 

The second possibility that we need to consider is when n = lA,p ^ 1(3) is 
odd and Lq, < Pg, a parabohc subgroup stabilizing a 6-dimensional subspace in the 
vector space for G. We exclude this possibility as follows: 

Refer to Section 16.2.21 when n is even and p is odd and observe that v < 9g^^ 
and Ug < g^^. Furthermore 

La<P6 = "[g''] : {SL{6, q) x 5L(8, g)).(g - 1) 

which has index greater than g^*^. Thus \Pq : Lq,| < 9g'^. Now SL{6,q) and SL{8,q) 
do not have any subgroups with index this small, hence > "A.^SL^G, q)xSL{8, g)) 
where A = [q^^]nL^. Observe that \ [q^^] : A\ < 3. In fact, A.{SL{6,q)x SL{8,q))/A 
acts by conjugation on the non-identity elements of A with orbits of size divisible 
by g^ + ■ — h g + 1, hence A = [g^^]. Then, for some a, A : {SL{6, g) x SL{8, g)) (or 
its transpose) has the following form and contains the following conjugate of g*: 



h* 



/ -1 \ 

-^5x5 

-1 

V ^7X7 / 



SL{6,q) A 

SLi8,q) 



Let h be the projective image of h*. Then Vg > r/j("(S'L(6, g) x SL{8, g))) > g^°.g^^ = 
g^^. Then h is certainly centralized by a subgroup of A of size no more than g^^. 
Hence Vg > q^^. This implies that ^ < g^^ and v < q^"^ which is a contradiction. 

7 L = PSL{2, q) or Lt = PSL{3, q) 

In this section we prove firstly that if L'^ = PSL{3, g) then the hypothesis in Section 
14.31 leads to a contradiction. In the case where L = PSL{2, q) we add two extra 
suppositions to the hypothesis. For g E G lei Fixg be the set of fixed points of g; 
then our extra suppositions follows: 

• Let g,h & G with g an involution, h"^ = g. Then Fixh = Fixg or else 
\Fixh\ = U + l,U + 2oTU + ^/u + 1. 

• Let g,h & G with g an involution, [g,h] = 1. Then Fixh = Fixg or else 
\Fixh n Fixg\ < u + a/u + 1. 



We prove that, with the addition of these suppositions, if L = PSL{2, q), then the 
hypothesis in Section 14.31 leads to a contradiction. 

To understand the imphcations of this, suppose for a moment that G is acting 
on a projective plane of order x. Recall that then g fixes a Baer subplane and so h, 
as described in our extra suppositions, either fixes this Baer subplane or else acts as 
an automorphism of this subplane. Then Lemma [3] implies that these suppositions 
must hold. Hence in proving a contradiction we prove the following proposition: 

Proposition 25. Suppose that G contains a minimal normal subgroup L isomorphic 
to PSL{2, q) with q > 4 or that G has a unique component L such that is 
isomorphic to PSL{3,q) with q > 2. If G acts transitively on a projective plane ? 
of order x then 7 is Desarguesian and G > PSL{3, x). 

7.1 Preliminary facts 

We will need some preliminary facts about PSL{2, q) and PSL{3, q). As before we 
assume that {G /Gg{L)) / Z{L) < PTL{n,q) since \Aut{L) : PTL{n,q)\ < 2, n = 
2, 3. Observe that both PSL{2, q) and PSL{3, q) have a single conjugacy class of 
involutions of size, in odd characteristic, \q{q ± 1) and q^{q^ + g + 1) respectively 
and, in even characteristic, q^ — 1 and (g^ — + g + respectively. Both also have 
the property that a Sylow 2-subgroup contains at least 2 such involutions. Since 
a point-stabilizer must contain such a Sylow 2-subgroup we conclude that > 2. 
Note also that PSL{3, q) has a single conjugacy class of transvections and this class 
does not fuse with any other in PrL{3, q). 

Liebeck and Saxl [LS8"5] assert that, for PSL{3,q), the maximal subgroups of 
odd degree he, as before, in families Ci, C2 and C5 for q > 2. Note that PSL{3, 2) = 
PSL{2,7) and so we will deal with this group in the PSL{2,q) case. We state a 
result of |Moo04l IWim99j (outlined in |Dic01] ) which gives the structure of all the 
subgroups of PSL{2, q): 

Theorem 26. Let q he a power of the prime p. Let d = (g — 1, 2). Then a subgroup 
of PSL(2,q) is isomorphic to one of the following groups. 

1. The dihedral groups of order 2{q ±l)/d and their subgroups. 

2. A parabolic group Pi of order q{q — l)/d and its subgroups. A Sylow p-subgroup 
P of Pi is elementary abelian, P < Pi and the factor group Pi/P is a cyclic 
group of order {q — l)/d. 

3. PSL{2, r) or PGL{2, r), where r is a power of p such that = q. 

4. A4, 84 or A5. 

Note that when p = 2, the above list is complete without the final entry. Dickson 
also outlines the conjugacy classes of subgroups of PSL{2, q); in particular it is easy 
to see that there are unique PSL{2, q) conjugacy classes of the maximal dihedral 
subgroups of size 2(g±l) /das well as a unique PSL{2, q) conjugacy class of parabolic 
subgroups Pi. 



The result of Liebeck and Saxl [LS8"5] asserts that all of the families of maximal 
subgroups can, for some q, contain a subgroup of odd index in PSL{2, q) thus, when 
L = PSL{2, q), we will simply go through the possibilities given in Theorem 

In the PSL{3, q) case we will also need to know the subgroups of GL{2, q) which 
can be easily obtained from the subgroups of PSL{2, q). 

Theorem 27. H, a subgroup of GL{2, q) , q = p"", is amongst the following up to 
conjugacy in GL(2, q). Note that the last two cases may be omitted when p = 2. 

1. H is cyclic; 

2. H = AD where 

A<[[ \ \ )-.X^GFi,)] 

and D < N{A), is a subgroup of the group of diagonal matrices; 

3. H = (c, S) where c\q^ — 1, S"^ is a scalar 2-element in c; 

4- H = {D, S) where D is a subgroup of the group of diagonal matrices, S is an 
anti-diagonal 2-element and \H : D\ = 2; 

5. H = {SL{2,p^),V) or contains {SL{2,p''),V) as a subgroup of index 2 and 
here b\a, V is a scalar matrix. In the second case, p^ > 3; 

6. H/ {—!) is isomorphic to S4 x C , A4 x C , or (with p ^ 5) A^ x C , where C is 
a scalar subgroup of GL{2, q) / {—I) ; 

7. H/ {—!) contains A4 x C as a subgroup of index 2 and A;^ as a subgroup with 
cyclic quotient group, C is a scalar subgroup of GL{2,q) / {—I) . 

Proof. In this proof and subsequently, we will refer to subgroups of GL{2, q) as being 
of type y, where y is a number between 1 and 7 corresponding to the list above. 

When the characteristic is odd, the proof of this result is given in jBlo67b[ 
Theorem 3.4]. When the characteristic is even we know that GL(2, q) = PSL(2, q) x 
(g — 1). Then, for H < GL{2, q) either H > SL{2, q) and we are in type 5 above, or 
we have H < Hi x [q — 1) where Hi is maximal in PSL(2, q). 

If Hi = -D2(g-i) then H is clearly of type 1 or 4. Similarly if Hi = D2{q+i) then 
H is of type 1 or 3; if Hi = Pi then H is of type 2 in GL(2, q). 

Now consider H < PSL{2, go) x (9 — !)• Any maximal subgroup of PSL{2, go) 
must be an intersection with -D2(q±i) or Pi (and so is already accounted for) or else 
equals PSL{2, gi) where q = q\. 

Thus we must consider H < PSL{2,qi) x (g — 1) and if ^ i? x (g — 1) for 
B < PSL{2,qi). Provided gi > 2 this implies that is a subgroup of GL{2,q) 
of type 5. If gi = 2 then PSL{2, qi) < -D2(q±i) and the case is already accounted 
for. □ 

Note that a subgroup of type 1 in GL{2, q) is never maximal in GL{2, g). Fur- 
thermore type 5 includes GL(2,q) itself. We now proceed with our analysis. 
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7.2 L = PSL{2,q) 



Assume that L = PSL{2, q), q > 4. Suppose first that G/Cg{L) contains PGL{2, q). 
Then G has a normal subgroup of index 2, N/Cn{L) contains only field automor- 
phisms and acts transitively on our set of size x"^ + x + l. Proving a contradiction 
for A^ will give a contradiction for G, hence it is enough to assume in general that 
G/Cg{L) contains only field automorphisms and \G/Cg{L)\ < |PS'L(2, log^g. 

For g = 4, 5 or 9, L is isomorphic to an alternating group. This case has already 
been examined and so these values of q can be excluded. Observe that Pi, a parabolic 
subgroup of PSL{2,q), has odd index if and only if p = 2. Furthermore if p = 2 
then La < Pi since must contain a Sylow 2-subgroup of PSL{2, q). This implies 
that rig = — 1, = (7 — 1 and — u + 1 = — = (7+1. But then — u = q 
which is impossible. Hence we assume does not lie in a parabolic subgroup of 
PSL{2, q) and that p is odd. 

Now the only maximal subgroups of PSL(2, q) which contain a Sylow p-subgroup 
of PSL{2, q) are the parabolic subgroups. Also, for g = 3" with a > 3, the only 
maximal subgroups containing a subgroup of index p in a Sylow p-subgroup of 
PSL[2, q) are the parabolic subgroups. Thus Lemma [8] implies that p = 1(3) and we 
assume this from here on. Note that, for an involution g G PSL{2, q),ng = |g(g±l). 

We examine the non-parabolic subgroups of L as candidates to be L^, using 
Theorem [261 

If La = A4 then Tg = 3 and, since rg\ng and p = 1(3), we must have Ug = |g(g— 1) 
and g = 3(4). Similarly if La = then = 15 and g = 3(4). But then divides 
\L : La\- Since = 2(3) this contradicts Lemma [H 

If La = S4 then = 9 and once more g = 3(4). In fact ^ = Then in 

PSL{2, q) there is a unique conjugacy class of elements of order 4. Let h be such 
an element and observe that = Q. Now the fixed set of h lies inside the fixed set 
oi g = h? and dh = \dg = ^{u^ + u + 1). Referring to our first extra supposition 
this implies that \Fixh\ = u + 1,u + 2otu + -Ju + 1. Since \Fixh\ divides \Fixg\ 
we have |(n^ + n + 1) = n + ^Ju + 1 and n = 4. But then ^^^^ = ^ = 13 which is 
impossible. 

Now suppose that La < Dg±i so g± 1 = 0(4). Then ^ = l^rrrr. Now \^L4l 
and so l^^lp = \v\p = q. Thus \La\ + 2 divides g =F 1. 

Define m := yt^ and assume first that m > 1. Observe that v = qrr^^^Ci for 
some integer a and dg = ^'^"^^^ ^^a. If \La\ = 4 then = ^^^ill aj^ci^ fact, 

since g = 1(3), ^ = But then dg = and, since 2±i = 2(3), this is a 

contradiction. Thus \La\ > 4. 

Now observe that m{\La\ + 2) > g =]= 1; furthermore if (m — 1)(|Lq| + 2) = g =]= 1 
then g±l — |La|+2m — 2 = g=Fl. Reducing modulo 4, this equation gives 2m = (4) 
which is a contradiction since m\v. Thus (m — 2)(|Lq,| +2) > g =F 1. This implies 
that m > + 1 and so + < g ± 1. 
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•g "9 



Since ^ < d„ we have 

q{qTl) 



< 



\La\ 


\+2q±l 


2 


\La\ 



\La\+2 

=^ 2\LMq Tl)< {\La\'' + 4|L„| + 4)(g ± l)a 
=^ < a. 

q 

The final inequahty follows by using the fact that \La\ > 4 and | Lq, p + | Lq, | < g ± 1 . 
It then implies that a > 3. 

Take h of maximal order in L^. Since |Lq,| > 4 we know that h is not an 
involution and Uh = q{qT^) and so ^ = Thus dh = fr^\0, which means that 

dh < dg. Now [h,g] = 1 and so, referring to our second extra supposition, d\ < 3dg 

and so ^^^o^ < This implies that g ± 1 < ^ll^ap + \La\ which is a 

contradiction. 

Hence m = 1 and \La\ = g ± 1. We have two situations. If g = 3(4) then 
Ug = |g(g — 1) and Vg = |(g + 1) + 1. This means that ^ is a not an integer, which 

is impossible. If g = 1(4) then ^ = = g. Since \L : La\ = \q{q + 1) we 



'f 2 



must have dg a multiple of The only possibility is that dg = ^i^tii. which means 
that g = 13 and v = 273. 

In this case \Fixg\ = 21. But a Sylow 2-subgroup of PSL{2, q) which centralizes 
g fixes 9 points; this contradicts our second extra supposition. 

Now suppose that = PGL{2,r) and q = r°' where a = 2(4). Thus g = 1(4) 

and ^ = Now 4 = | — L ^ IvL > ^ and so I^L = 1 and r = ,/g. Then 

— u + 1 = ^ = |(g+l). Then u = ^ where c = -\/2g — 1. This implies that 
+ n + 1 = 2±|t2£. Now |L : La| = |(g + 1)^/^ and so ^ divides + u + l. Now 

observe that ^{^) > Furthermore yg(^) < ^. Thus c/^ = ^{^) 

where e = 1 or 3. 

Now 2u = dg ~ y- = -^^-|— • We also know that u = and so we must have 



— 3 = 2^2q — 1. Since e = 1 or 3 we must have e = 3. Then 
2^2q- 1 = 3v/g-3 ^ 2v/2^>3v/g-3 

This implies that g = 7^ or 13^. But neither of these satisfy the equality 2^2q — 1 = 
3^ — 3 and so can be excluded. 

Now suppose that = PSL{2, r) and q = r'^ where a is odd. Then ^ = 

ere g =F 1 = 
r = 3(4) then 

Tg 29 "^^ 



where g =F 1 = 0(4). Now let h be an element of order Then — = 4^^. If 



ra |r(r±l) 

_ _ _ Tl) 

2 • -^^i^-ii r(rTl)' 



Hence dg < dh which is impossible. 

Now if r = 1(4) then u^-u + l = ^ = r"-i(r"-^ - r""^ H r + 1) and so 

^a-i _ < < ^a-i_ ^jj^jg means that 

d-!^ + 2u < r2«-2_^2a-3^ r'^ + Sr"-^ 

Now r"~^ + r°'~'^ + ■ ■ ■ + r + 1 divides (i^. But observe that 

(r"-^ + r'*-^ + . . . + r + l)(r"-i - 2r"~2 + 2r"-3 2r + 3) 

< ^2a-2 _ ^2a-3 _|_ . . . _ _|_ 3^1-! _ 2r"~^- 

^ ^a-2 ^ . . . ^ ^ ^ l)(r""^ - 2r''-2 + 2r°-3 2r + 4) 

^ ^2a— 2 ^2a— 3 _|_ . . . + Sr'*""'^ 

This gives a contradiction and all possibilities are excluded. 
7.3 L^ = PSL{3,q) 

Once again we seek to show that the hypothesis in Section 14.31 leads to a contradic- 
tion; the usual action of PSL{3, q) on a Desarguesian projective plane PG{2, q) will 
not arise due to our restriction that all involutions &x u"^ + u + 1 points. 

Recall that, for g an involution, Ug = q^{q^ + q + 1) for q odd and Ug = (g^ — 
l)(g^ + g + 1) for q even. We assume here that q > 2 and we know that La < M 
where M is a member of Ci, C2 or C5. We consider the latter two possibilities first. 
Observe that, in both cases, p = 1(3) since divides \PSL{3,q) : M|. 

Suppose that M G 63. Then v is divisible by +9+^) . Now the highest 

power of g in ^ is q^. Since v = y-dg and {^,dg) = 1 we must have q^ dividing 
d„ and dividing r„. But then u^ — n + l = — <g^ + g + l. This means that 

a y rg 

V < [q^ + q + l)(g^ + 3g + 3) which is a contradiction. 

Suppose that M = NpsL{3,q){,PSL{3, r)) G C5 where q = r"' and a > 3 is an odd 
integer. Then \v\p = ^. Suppose first that \v\p = \^\p < g^ and so g < r^. Then we 
must have a = 3, r^l (g^ + g + 1) and dividing |Lq| . Since r^l (g^ + g + 1) we cannot 
have Lq, = PSL{3,r) or PSL{3,r).3. But since divides \La\ we must have 
inside a parabolic subgroup P of PS'L(3,r).3. But observe that then v is divisible 
by 

which is divisible by 9, a contradiction. The only other possibility is that p J[ — 
and ^ < g^ + g + 1. But then g^ < < r^(r^ + r + 1). This is impossible. 

Hence we conclude that M G Ci. Thus = ^A.B where A is a subgroup of an 
elementary abelian unipotent subgroup, U, of order g^ and i? is a subgroup of odd 
indexinGL(2,g). We will write 5 n SL(^^g) = (2,g-l).fii where Bi <PSL{2,q). 



We will take a to be such that < Pi where 




GF{q) 



Case: 1(3) 

In this case |f/ : A| < 3 and |P : 5i n P| < 3 for some P E SylpPSL{2, q). If is a 
subgroup of P*, a parabolic subgroup of PSL{2, q), then g + 1 divides the index of 
B in GL{2, q) and p = 2. Then La is a subgroup of the Borel subgroup of PSL{3, q) 
and contains a normal Sylow 2-subgroup P. Thus Tg = rg{P) = 2q^ — q — \ and so 
Tg J^rig which is a contradiction. 

If Bi = PSL{2,q) then B > SL(2,q). In fact, in odd characteristic, B must 
contain all matrices of determinant ±1 since \GL{2,q) : B\ is odd. Furthermore in 
its action by conjugation on the non-identity elements of U, SL{2, q) is transitive. 
Hence A = U. Thus, in both odd and even characteristic. La contains all involutions 
of the parabolic group: g^(g + 2) of them in the odd case, (g^ — l)(g + 1) of them in 
the even case. In both cases Vg J^Ug which is a contradiction. 

For the remaining cases p\v and so p = 3. If Bi < Dq±i then q\v and we must 
have q = 3. In this case n„ = 3^13 and so — m + 1 = — = 3 or 13. If — = 3 
then V = 21. This contradicts the fact that \L : M\ = 13 and this divides v. So 
^ = 13, = 9,dg = 21 and, since Pi < Pq±i we must have La = [3^] : (8.2). But 
then La contains more than 9 involutions and this case is excluded. 

If Pi is a proper subgroup of PSL{2, q) isomorphic to A4, 5*4 or As then g = 3 
or 9. Now PSL{2, 3) = A4 and so g = 3 is already excluded. If g = 9 then 5 divides 
PSL{2,q) and so Pi = A^, but |P5'L(2,9) : A^l is even which is impossible. 

If Pi = PSL{2,r) or Pi = PGL{2,r) for g = a > 1 then Hence g = 9 
and r = 3. but then 5 divides |PS'L(2, 9) : Pi| which is a contradiction. 

Case: p = 1(3) 

In this case 3 divides |PS'L(3, g) : M\ and thus we assume that P contains both the 
Sylow 2 and Sylow 3-subgroups of GL{2,q). In fact L = PSL{3,q) since Z{L) is 
semiregular (see Lemma [T6l) Then P is a subgroup of GL(2, g) of type 4, 5, 6 or 7 
in the list given earlier. Note that P contains the scalar subgroup of order 3 and so 
|GL(2,g) : P| = 1^(2, g) : "P|. 

Observe first that there are two Pi-conjugacy classes of involutions in Pi. Only 
one of these is centralized by a whole Sylow 2-subgroup, P, of Pi. Call this conjugacy 
class A. 

In the case where La = ^A : B, that is we have a split extension, we know that 
"P contains a Sylow 2-subgroup of Pi and so the involution in the centre of "P must 
lie in A. This implies that we can conjugate by elements of Pi (i.e. choose a) such 
that this involution g is the projective image of 




We conclude that 



B<U ^^^y y ) -.Y eGL{2,q)\. 



We begin with two prehminary lemmas: 

Lemma 28. Let p be odd and = A : B < Pi. Suppose that \A\ = and that 
(|i?|,p) = l. Then\B\>\^li^. 

Proof. Let h be an element of order p. Then 



V = — dh = 5 dh = [q +q + 1)4- 

We have two possibilities: 

1. Suppose that h is quasi-central. We must have dh = u"^ + u + 1 where v = 

+ u'^ + 1. Then - u + 1 = ^ = q^ + q + 1 and so dh = q^ + 3q + 3. 

Thus = -p^^^a for some integer a. If a = 1 then |5| is not an integer for 
q > 1. If a > 2 then \B\ > as required. 

2. Suppose that h is not quasi-central. Then d\ < v and so, 

< V =^ V <{q^ + q + Vf. 



q^ + q + l 



This implies that |-B| > as required. 



□ 



Lemma 29. Let p he odd and La = A : B < Pi. Suppose that {\B\,p) = 1. Then 
\A\y^q. 

Proof. Let h be an element of order p and suppose that \A\ = q. Then 

V = —dh = — -dh = (g + l)(g + g + 1)4- 

rh g - 1 

But, since v is odd and g + 1 is even, this implies that dh is not an integer. This is 
a contradiction. □ 

We now begin our analysis of the different possibilities for B. In the case where 
B < GL{2, q) is of type 4, 6 or 7 then Schur-Zassenhaus implies that A.B is a split 
extension. 

Suppose first that i? is a subgroup of type 4 in GL{2,q). Let a be such that 
B < {D, S) where D is the subgroup of diagonal matrices and S is an anti-diagonal 
2-element. Note that we must have q dividing \A\. 
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Now observe that, since B contains a Sylow 2-subgroup of Z^, we can choose a 
such that 




/ 



e A 






-1 
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1 
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—Ze 


U 
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e 
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) 





1 





e A 



G A 



e A. 



We conclude that A = Ai x A2 where 

v4i < M 1 j : e G \ , A2 < 

Now consider an element, as given, of Ai. Then 

-1 




X 



-1 














a 











G B 




eA:B 




eA:B 



Thus, for fixed X, we have an injection from Ai into A2. There is a similar injection 
from A2 into Ai and so \Ai\ = \A2\ = 



E = Bn 




-1 














a 





a-1 






and observe that 
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G^, 
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-1 
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a 
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-1 







e 




ae 







a 


a~ 


1 






eA:B 



eA:B 



and this last element is an involution. We now count all the involutions in Lq, as 
follows: 



Pre-image of involution g in SL{3, q) 



led 
-1 



-1 
-1 

1 

-1 c 
1 



—led 
a 



a 



-1 



Number of such involutions in La 



\A\ 



\A\ 



\E\J\A\ 



Thus Tg = ^J\A\{^J\A\ + \E\ +2) and note that < g(2g+ 1) since < g — 1. 
Suppose that = 1. Then Vg > and we must have \A\ = q^. Alternatively 

suppose that { — ,p) ^ 1. Then 



, q 
> — L > 



3 

A\ 



\A\ > q'. 



Thus, in either case, \A\ = q^. Then, by Lemma [2H| |-B| > -^^^rr^- But ^'■'^^'''^ < 



|GL(2,g)| 



q^+q+l ■ """" 7 

^^V^+g+i^^^ for g > 1. Hence \B\ = 2{q - if and \E\ = q - 1. Then 



q{2q + 1) which makes ^ a non-integer unless 5 = 1. This is a contradiction. 
Next assume that B is of type 6 or 7. To ensure that B has odd index in GL{2, q) 
we assume that B ^ 2.(^4 x C) or 5 = 2.(^4 x C).2 where C < Z{GL{2, q))/{-I). 

Then we must have q dividing \A\ since \v\p < q^. We write \A\ = qp'^ where 

/I 

a > 1 by Lemma [221 Since — 1 

I 

Suppose first that q = p"" and \A\ = q^. By Lemma [28l 

|GL(2,g)| 



G B this means that > |y4| 



g2 + g + 1 



< |B| < 24(g - r 



24(g^ + g + 1) > - g 
.<30. 3^ 



Then g = 7, 13 or 19. Note that in GL{2, 7) subgroups of type 6 or 7 have even index 
and in GL{2, 19) subgroups of type 6 and 7 have index divisible by 3. Hence we are 
left with q = 13. In this case Ug = 3^.13.61 and v is divisible by \L : M\ = 3.7.13.61. 
Now since — u + 1 = — divides n„ we must have m = 2, 4, 14 or 23. But in all of 
these case + n + 1 is not divisible by both 7 and 61. Thus v is not divisible by 
both 7 and 61 which is a contradiction. 

Thus assume now that q > p"' and \A\ < q^. Then, 



n 



q^{q^ + q + l) , q^{q'^ + q + l) ^q^ + q + l 



rg \A\ ' \A\ ^\ 

(g2 + 2g + l)(g2 + g + l) 



dg < 



\A\ 



{q + lfq^{q^ + q + lf 

V < — —. 

L4P 



This implies that, 



\A\\B\ - 
q{q - 1)2 

which implies that |A| < 2.|i?| for g > 7. 

Now elements from "2.0 do not centralize any element of "A. Thus let m = '■'^y^j^^ 
and observe that = |"2.C| divides |A| — 1 = qp"" — 1. This in turn means that 
divides p° — 1. Since q > p"" this means that 3m > p. Then 



|5|>M ^ 48|C|>^ 

=^ 48-^ > g.p" 

m 

^ < 144. 

Since p > 7, a > 1 we must have p = 7, a = 1. But when p = 7, 2.(^4 x C).2 and 
2.(54 X C*) have even index in GL{2,q) which is a contradiction. 

Thus we are left with the possibility that B is of type 5 in GL{2,q). We want 
to show that = ^A.B is a split extension and we can choose a such that 

1 



5 < detY ^ j :Y e B*j^B* < GL{2, q). 

Observe first that each Sylow 2-subgroup of La contains a unique element of A. thus 
An La is a. La conjugacy class. Furthermore there exist at least two non-conjugate 
maximal subgroups. Mi, M2, of B which are of order not divisible by p and index in 
B not divisible by 2. Then, by Schur-Zassenhaus, A : Mi and A : M2 are subgroups 
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of Lq. But Ml, M2 must both have centres which are conjugate in L^,, in fact must 
he in A. This imphes that there exist conjugates of Mi, M2 which both he in 



detY 



Y 



■.Y e B*} =B* < GL{2,q). 



These conjugates must generate a complement to A as required. 

Now note first that SL{2,r) < GL{2,q) imphes that SL{2,r) < SL{2,q). Now 
write q = and observe that, for / = pi . . . p„ where Pi is prime. 



SL{2, r) < SL{2, r^') < ■ ■ ■ < SL{2, r^'- 



■Pn-l 



<SL{2,q). 



Since B has odd index in GL{2, q) we assume that aU of these primes are odd 
except, possibly, for pi. What is more, the chain of subgroups given here is maximal 
except for the first inclusion when pi = 2. Now there is a unique conjugacy class 
in SL{2, q) of maximal subgroups isomorphic to SL{2, r) when q = r"" for a an odd 
prime. Hence, stepping down the chain of inclusion, we assume that SL{2, r) has a 
unique conjugacy class in SL{2, q) except when pi = 2 in which case there are two 
conjugacy classes. 

By examining [KL90t Action Table 3.5G]) we find that, when / is even, the two 
conjugacy classes are fused in GL{2,r'^) through conjugation by 



1 



w 



here A 



generates the group GF(r^)*. Thus, in GL{2,q) there is a unique conjugacy class 
of SL{2,r) and we take a such that B* contains the copy of SL{2,r) consisting of 
matrices of determinant 1 with entries in GF{r). 

1 
-1 



Observe that B* 3 



and so 




G A 



-1 
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/ 





-1 
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1 e 


^ 




1 















Once again we conclude that A = Ai x A2 where 



e A 



Ai< 




: e e GF{q) 



In the same way as earlier we also know that \Ai\ 
involutions in L„: 



e A 
















1 















\A, 



f e GF{q) 



\A\. We count 
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Pre-image of involution g in SL{3, q) 



Number of such involutions in L, 



1 c d 
-1 

-1 




-1 c 


d 


±1 


X 






-1 c 


d 


V 


w 


X 


—V 



2^AA\ 



2(r - 1)^AA\ 



r{r - l)^/\A\ 



Thus r„ = \/\A\ 



• g — \j M-^iv'v 1^1 Now SL{2, r) has orbits of size r — 1 in its action 
by conjugation on non-identity elements of A. Hence either |y4| = 1 or \/\A\ > r. 
If \A\ = 1 then, since q divides |Lq,|, we must have r = q and so — = q^. This 

I - 



contradicts Lemma [TUl Hence 
Then either I — L = 1, r - 



\A\ > r and so 



\A\r 



iGci/iLc.r 



q and a/m^I = q or 



\A\r 



where 



In the latter case this means that 



> 



\A\r \A\r 



and so \A\ > q .p . This implies that \A\ = q and a = 0. In both cases we find 



gr(2 + l+r) 



In order for this to divide Ug we find that 



that \A\ = q and so Vg 

we must have + 2r^ — r + 1 divisible by ^ + 1 + r. For q > this is clearly a 
contradiction. Examining cases individually for g < we find only contradictions. 
Thus Proposition is proved. 



8 Lt = U{n, q) 

In this section we prove that, if L"'" = U{n,q), then the hypothesis in Section |4]3] 
leads to a contradiction. This implies the following proposition: 

Proposition 30. Suppose G contains a unique component L such that L'^ is iso- 
morphic to U{n,q). Then G does not act transitively on a projective plane. 

We may assume that n > 3 and (n, g) (3,2). We know ( |KL90l Proposition 
2.3.2]) that our unitary geometry (V, k) has a hyperbolic basis. Unless stated other- 
wise, we will write all matrices representing elements of SU{n, q) according to this 



basis: 

r {d, /i, . . . , Cm, fm}, iin = 2m; 
\ {ei, /i, . . . , Cm, fm, a;}, if n = 2m + 1. 

where K(ei,ej) = n{fi, fj) = 0, n{ei, fj) = 6ij, n{ei,x) = i^{fi,x) = for all i,j and 
k{x, x) = 1. 

We will also need to make use of an orthonormal basis for [V, k). Let Vi, Wi with 
z = 1, . . . , m be orthonormal vectors such that (f Wi) = (cj, fi) for alH = 1, . . . , m. 
Our orthonormal basis !B will consist of these vectors Vi,Wi with i = 1, . . . ,m, as 
well as the vector x in the case where n is odd. 

Now the result of Liebeck and Saxl [LS85j implies that lies inside a maximal 
subgroup M where 

• for q odd, M G ei,M G 62, M'^ = Nu{n,q)iU{n,qo)) where q = and a is 
odd, or M"!" = Miq and (n, g) = (3, 5), or n = 4; 

• for q even, M G Ci. 

We show next that, in all cases, M must lie in Ci: 
Lemma 31. La lies inside M , where M maximal in L lies inside Ci. 
Proof. We may assume that p is odd. Define g to be the projective image of 

/ -1 \ 
-1 



V 1/ 

For n ^ 4, g lies in the centre of a maximal subgroup ^{SU (2, q)xSU {n—2, q)).{q+l). 
For n = 4, g lies in the centre of a maximal subgroup ^{SU{2,q) x SU{2,q)).{q + 
1).2. Furthermore, has the same form under our orthonormal basis S and, under 
this basis, PrU{n,q) = U{n,q).{S,(j)) where </> is a field automorphism and 6 is 
conjugation by the projective image of 

[a \ 
1 

V 1/ 

for some a G GFlq"^)*, a primitive {q + l)-th root of unity. Then g is centralised 
by {a,(p) hence ng\q'^^"'~'^^b where {q,b) = 1 and b < g2(n--2)_ xhen, by Lemma [T3l 

\v\p< 

Suppose that < M where M G 62, or iVfl" = Nu(^n,q){U{n,qQ)) where q = q^ 
and a is odd, or M'^ = Miq and (n, g) = (3, 5), or n = 4. Observe that \U{n, q)\p = 
^in(n-i) ^Y^ile, for n ^ 4, |M|p < qH'^-^l Thus we must have 1) -2(n-2) = 

— 5n + 8) < ^n{n — 1). This implies that n < 6. We assume this from here on. 



Note that we may also assume that p = 1(3) since, in all given cases, \U{n,q) : 
M'l'l odd implies that divides \U{n,q) : M^|. We may immediately rule out the 
possibility that iVfl" = Miq. 

Consider first the case where n 7^ 4. If M e 62 then \U{n,q) : M^p > g2(n-2) 
for n = 3,5 and 6 which is a contradiction. If M = Nu(^n,q){U{n,qo)) then q = q^ 
where a is an odd prime. Then \M\p < qh^^"^'^) hence we must have \{'n? — 
5n + 8) < ^n{n — 1) which implies that n = 3 and q = q^. Now, when n = 3, 
— q + 1) and contains a Sylow p-subgroup of M. If > f/(3,go) 



n 



9 



then Tg = qoiqQ — qo + 1) but then Vg /(ug which is a contradiction. The only other 
possibility is that La H f/(3, go) < P*, where P* is a parabolic subgroup of f/(3, go)- 
But this has even index in f/(3, go) which is a contradiction. 

Now suppose that n = 4:,p = 1(3). Note that here L = [7(4, g) and that 
hq^{q'^ — g + l)(g^ + 1). We need to consider the cases where M is a maximal 



n 



9 2 

subgroup of odd index not lying in Ci. Furthermore we need |f/(4, g) : M\p < q^. 
We go through the possibilities in turn. 

• Suppose that M G 62. There exist two subgroups M G C2 such that |f/(4, g) : 
M|p < g^ but only one has odd index. We need to rule out this possibility, 
when M = -{SU{2,q) x 5f/(2, g)).(g + 1).2 and |f/(4,g) : M\p = q\ Then 
La must contain a Sylow p-subgroup of M. But the parabolic subgroup of 
SU{2, g) has even index hence we may conclude that, for some a, 



> 



5f/(2,g) 

SU{2,q) 



Then La contains h, the projective image of 

/ 1 \ 

1 

1 

V 1 / 

Now /i is a ?7(4, g)-conjugate of g, thus Vg > |(g^ — g)^. Hence ^ < g^(g + 
l)(g + 2). If g^l^ then we must have ^ = g^ which is a contradiction of 
Lemma fTOl The only other possibility is that ^ < |(g^ — g + l)(g^ + 1) < |g^. 
But then dg < q* and sov < |g^(g^ — g + l)(g^ + l) which contradicts La < M. 

Suppose that M G Ce or M G S*. The only odd index subgroup is M = 2^.Aq 
where g = 3(8). But then |[/(4, g) : M\p > q^ which is a contradiction. 

Suppose that M G C5. If M = Nu(4:,q){U{4:, go)) then q = q^ where a is an odd 
prime. Then \M\p < q^ hence we must have ^(n^ — Sra + 8) = 2 < | which 
implies that g = q^. However this implies that 9 divides \U{n,q) : M\ which 
is a contradiction. 

The only other odd index subgroup in 65 is M = PGSp{4, g) when g = 1(4). 
Now, given our original basis {ei, 62, /2} and our original hermitian form 



K, define the form = over the GF(g)-vector space spanned by 

{C^i, /i, C^2, 12}- Here ( is an element of GF^cf) such that = — C- Then 
is a symplectic form over VJ. 

Clearly if g* is an isometry for (kj, VJ) then (7* is an isometry for (k, l^) and 
we have an embedding 5*^(4, g) < SU{A,q). This embedding corresponds to 
a maximal subgroup PSp{4:,q) < f/(4, g) when g ^ 1(4) and PGSp{4:,q) < 
U{4,q) when g = 1(4). In the latter case, there are two conjugacy classes of 
PGSp{4:, g) in U (4, g) ; it is this case which concerns us. 

Under the orthonormal basis {vi,Wi,V2,W2}, the two conjugacy classes of 
PGSp{4:, q) in U (4, g) are fused by the projective image of 

( ^ \ 

1 

1 

V 1 / 

where A G GF{q^) is a (g + l)-primitive element. Thus is the same no 
matter which of the two conjugacy classes we lie in. Assume from here on that 
La < M = PGSp{4:, q) preserving (k^, Vj). 

Then |f/(4, g) : M\p = g^, thus \M : La\p < q^. The only maximal subgroup, 
Ml, of PSp{A, q) such that \PSp{A, q) : Mi\ is odd and \PSp{A, q) : Mi|p < g^ 
is {Sp{2, q) o Sp{2, g)).2. Thus either 

— La = M with V divisible by |g^(g + l)(g^ — g + 1); or 

- L„nP^p(4,g) <B = {Sp{2,q)oSp{2,q)).2. Note that \{U{4,q) : B\p = 
q^. Since the parabolic subgroups of Sp{2, q) are of even index we must 
have La H PSp^i, q) = B and so La = B.2 with v divisible by ^g^(g + 
l){q'-q + l){q' + l). 

Under our original basis this implies that, for some a, 

f SU{2,q) \ 
" V SUi2,q) )■ 

Now PSp{4, q) is normalized in U (4, g) by the projective image of 

/ 1 \ 
1 

1 ■ 

V 1 / 

Thus h lies in La and, as before, we know that /i is a t/ (n, g)-conjugate of g. We 
may conclude that Vg > ^(g^ — g)^ and so ^ < q^{q+ l)(g + 2). As in the case 
where M G 62 this contradicts La = B.2. We conclude that M = PGSp{4:, q). 

Now observe that Gpsp{A,q){h) ^ "GL(2,g).2 thus Vg > \q^{q + l){q^ + 1) and 
y- < q^. This implies that v < q^{q + l)(g + 2) which is a contradiction for 



□ 



Thus La lies inside a maximal subgroup M G Ci. There are two types of M G Ci 
jKLQOl Table 3.5B]: 

• The parabolic subgroups, Pm, 1 < m < [|J. Observe that (g + 1)"* divides 
\L : Pm\- This implies that p = 2. If g = 1(3) then (g + 1) = 2(3) and g + 1 
divides v. If m > 1 and g = 2(3) then 9\v. Neither of these situations are 
allowed. Hence m = 1 and we must have q = 2°", a odd. 

• The subgroups Bm of type GU{m,q) ± GU{n — m,q) with 1 < m < n/2. 
In this case g^C"-"^) divides \L : Bm\ and we must have p = 1(3). Observe 
that > g2(n-2) for | > m > 2. But we know, by the argument in the 
previous lemma, that \v\p < g^("~^) hence m < 2. 

We now examine these two situations in turn and seek a contradiction. 



8.1 Case: j9 = 2, g = 2", a odd, La < Pi 

Set Ue to be the even element of {n,n — 1} while Uo is the odd element. Then 
i-= |t/(n,g) :Pi| = (^"^-ly+i) . We know that 3|(g+l)k. In addition, g"^-2 + . ■ ■ + 



g^ + l|z and so for all r\^, g^'^'~^ + - ■ ■ + g^ + l|i which means that for all r\^,r = 1(3). 
A similar argument allows us to conclude from the fact that (g"°~^ — ■ ■ -H-g^ — g + l)|z 
that for all r\no, r = 1(3). We may conclude from this that n is even and n = 2(12). 
Thus n > 14. 

Now L„ = [g2"-3] : B < Pi where B < "((g^ - 1) x SU{n - 2, g)) . We consider 
the two possibilities given by Lemma [Ml 

• B < "{{q^ — 1) X Bi) for some Bi < SU{n — 2, g). We know that Bi must lie 
in a parabolic subgroup of SU {n — 2, g) by Liebeck, Saxl [LS85j . However any 
parabolic subgroup of SU{n — 2, g) has index divisible by g + 1 which would 
result in 9|t' which is a contradiction. 

• B = "{Ai X SU{n — 2, g)) for some Ai < (g^ — 1). For some a 

( SU{n-2,q) 
La> { 1 

Now consider transvections in SU{n,q). All transvections are conjugate to 

g* : V ^ V, V V + shi{v, ei)ei 

for some s G GF{q^), s + s'' = |Tay92i pll9]. For W = (d), define Xw,w^ to 
be the subgroup of SU (n, g) consisting of all transvections of this form. Now 
suppose that h G SU{n, q) preserves W . Then, for v eV , 

v{h~^g*h) = {vh~^ + SK,(vh~^ , ei)ei)h 

= V + sK{vh~^ , eihh~^)eih 

= V + sK{v,eih)eih 

= v^:^ sU'^K{v,ei)ei 



where t e GF{q)* is defined via Cih = tei. Then {stti)i + sW = Wis + s") = 0. 
Thus X^jyx is normal in the parabohc subgroup of SU (n, q) stabihzing W. 
Since |Xty^^^^x| = g |Tay92 pll4], we may conclude that, for g the projective im- 



age of g*, divides C^ig)- Then, since the only maximal subgroup of U{n, q) 

l^'ll 



1 

whose order is divisible by is Pi, we find that Ug < l'^^"''?)!^^"-'^^^"''^^^)^^"^^^ 



Furthermore, g G La and, by the same argument, > ^^'^^^^.'^'''^^ where is 
a parabohc subgroup of SU{n — 2,q). Thus, 

rig ^ \U{n,q)\{q-l){n,q + l)2\og^q \P*\ , 
Tg- |Pi| \SU{n-2,q)\ 

Then v < q^'^ which is a contradiction. 
8.2 Case: 2? = 1(3),L« < 5^,m < 2 

Observe that |L : P„| = g'"!"-^"^) ^'^""^"yi^^^^^^T^^'j^yf "'"^'^ . Consider two situa- 
tions: 

• Suppose n is odd. Then L contains the projective image, g, of 

/ -1 \ 
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-1 

V 1/ 



Then g is centralized in U{n, q) by ^GU{n — l,q). Furthermore, as in Lemma 
[311 g has the same form, under the basis B, as above and so is centralised 
by (o", 0). Hence ng|(g"~"^)(g"^^ — ■ ■ ■ — q + 1). Thus \v\p < g"^^. Suppose 
that m > 2, in which case \L : Bm\ is divisible by g2(n-2)^ Thus we need 
2(?T, — 2) < — 1 which gives n < 3. For n = 3 we know that m = 1. 
Thus, in general, < Bi = "GU{n — 1, q). Furthermore Lq contains a Sylow 
p-subgroup of ^GU {n — 1, g). 

Thus either La > '^SU {n — l,q) or La lies in a parabolic subgroup of ^GU {n — 
But (g + 1) divides \''GU{n — l,g) : P| for P a parabohc subgroup of 
"Gf/ (n — 1, g) which is impossible. Thus La > (n — 1, g) and Lq, contains 
all the involutions of "GUiji — 1, g). 

Now, for n > 3, consider a different involution as in Lemma [3ll Then 
= ^^^"-^^^^Sot^ >J,('Gf/(n - l,g)) = q'^^-'^'^^^i^^^. 

This implies that ^ < g^ and so — < g^ — g^ + 1 and v < q^ + q'^ + 1. But 

^9 '"9 

\L : Bi\ = _ . . . _ g -(- 1) whlch is greater than g^ + g^ + 1 for > 7. 

For n = 5, 2|[/(5, g) : > g^ + g^ + 1 and so have L = f/(5, g), = Bi and 
f = g''(g'' — g^ + g^ — g + 1). But, since g^ > a/u, this implies that dg = q^ 
which contradicts Lemma fTOl 



For n = 3 there is a unique conjugacy class of involutions of size — g + 1). 
Since "S'f/(2, g) < < ^GU{2,q), La must contain precisely the involutions 
lying in ^GU{2, q) of which there are q'^ — q+1. Then y- = q^ which contradicts 
Lemma [IDl 

• Suppose n is even and let g be as in the proof of Lemma [HTl Now |f/(n, q) : Bi\ 
is even and thus < B2 = ^{SU{n — 2,q) x SU{2,q)).{q + 1) and, since 
\v\p < La contains a Sylow p-subgroup of "{SU^n — 2,g) x SU{2,q)). 

Note that, since B2 is non-maximal in L = U{A, q), we may assume that n > 6. 



Now the index of the parabolic subgroups of SU {n — 2, q) in SU {n — 2, q) is 
even. Hence we must have La > "SUiji — 2,q). For some a, we may assume 
that 

SU{n-2,q) 

La>^ \ 1 

Now g is centralized in L by some conjugate of B2. This implies that 

= « + "^"^^ fa + l)tf-l) ■ 

Thus ^ < g^(g^ + l) and v < q^^+q^^ and, for n > 8, this contradicts Lq < -B2- 

We are left with the possibility that n = Q. But 2|f/(6,g) : i?2| > + q^^, 
thus La = B2 and f = q^{q^ + + l)(g^ — + — g + 1). But then g^ > ^/v 
and so (i^ = g^ which contradicts Lemma [TUl 

Thus Proposition is proven. 



9 L = PSp{n, q) 

In this section we prove that, if L = PSp{n,q), then the hypothesis in Section 
leads to a contradiction. This implies the following proposition: 

Proposition 32. Suppose G contains a minimal normal subgroup isomorphic to 
PSp{n, g) with n > A. Then G does not act transitively on a projective plane. 

We know |KL90l Proposition 2.4.1] that our symplectic geometry {V,k) has a 
symplectic basis. Unless stated otherwise, we will write all matrix representations of 
Sp{n, q) according to this basis, {ei, /i, . . . , Cm, /m}, where n = 2m. Here ^(ei, Cj) = 
f^ifh fj) = and K{ei, fj)=Jij- 

By Liebeck and Saxl |LS85j . we know that La lies inside a maximal subgroup M 
where 

• for g odd, M G Ci, 63 or M = Npsp(n,q){PSp{n, go)) orn = 4; 



• for g even, M G Ci. 
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Note that when n = 4 we can assume that g > 3 since PSp{4, 3) = U{4, 2) which 
has aheady been covered. 

Lemma 33. La lies inside a maximal subgroup from family Ci. 

Proof. Assume that q is odd and that < M where M is a maximal subgroup of 
PSp{n, q) that does not he in Ci. Observe that in PSp{n, q) there exists a subgroup 



For n 7^ 4, by |KL90l Lemma 3.2.1 and Table 3.5.c], B is normal in a PrSp{n, q)- 
maximal subgroup By such that \PTSp{n.,q) : By\ = \L : B\. Thus, for n ^ 4, the 
involution g G Z{B) has Ug = \L : B\ = q^^'^^q^^^ -\ ^ g2 _^ i). 

When n = 4 the same argument applies to i? = (5*^(2, q) o Sp(2, q)).2 and the 
involution g G Z{B) has Ug = \q^{q^ + 1). 

Therefore the highest power of p in w is at most g"^^. The lowest index of p 
among maximal subgroups M G 62 or M = Npsp{n,q){PSp{n,qo)) is gs" . This 
implies that n — 2 > which is a contradiction for n > 4. 

Now suppose that M is maximal in PSp{4,q), M ^ Ci, \PSp{4:,q) : M\ is odd 
and \PSp{4:, q) : M|p < g^. We must have M = {Sp{2, q)oSp{2, g)).2. Then < M 
and La > P for some P a Sylow ]9-subgroup of M. Since the parabohc subgroups 
of Sp{2, q) have even index in 5*^(2, g) we must have La = {Sp{2, g) o Sp{2, g)).2. 

Now we can choose a such that 



In Ci we have subgroups of two types: 

• Parabolic subgroups, Pm = [g"] ■ ( (g-"i^2) ) • {PGL{m, q) x PSp{n — 2m,q)) where 

1 < m < = f - + mn. U La < Pm then (g + l)\\PSp{n,q) : Pm\ 
divides v. Hence we must have p = 2. 

• Subgroups, Bm, of type Sp^ -L Spn-m isomorphic to Sp{m, q) o Sp{n — m, q) 
where 2 < m < | and m is even. In this case g^ divides \PSp{n,q) : Bm\ 
which in turn divides v. Hence we must have p = 1(3). 

9.1 Case: p = 2, < Pm 

The index of Pm in Sp{n, g) is divisible by g^ + 1 for all m > 1 which is impossible 
and so m = 1. Then Pi = [g"^^] : ((g — 1) x Sp{n — 2,g)) and \Sp{n,q) : Pi\ = 
(g+ l)(g"'^^ + ■ ■ ■ + g^ + 1). We conclude that g = 2(3) and that every prime dividing 
I is congruent to 1(3). Hence n > 14 and n = 2(4). This implies that n — 2 = 0(4) 



B = Sp{2,q)oSp{n-2,q). 
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and every parabolic subgroup of Spin — 2,q) has index divisible by + 1. Thus 
La = b""^] : [A X Sp{n — 2,q)) for some A < q — 1. 

Now consider Sp{n, q) acting on a vector space V preserving a symplectic form 
K. For M G a G GF{q) we have transvections in Sp{n, q) defined by, 

ga,u V ^ V, V V + an^v, u)u. 

Set W = {u) and let Xiyiy± = {ga,u '■ « £ GF{q)}. Then X^^yx < Sp{n,q) is of 
size q. The parabolic subgroup of Sp{n,q) which preserves W normalizes Xiy^iY±. 

Now let g = gi^u- Then, since the only maximal subgroup whose order is divisible 
by is Pi, we have 

\Sp{n,q)\ 

Ug < -— [q - 1) log2 q. 

I-* i| 

Similarly > ^^^^^p,'^'''^^ where is a parabolic subgroup of Sp{n — 2, g). Then 

^ \Sp{n,q)\\P^\{q - l)\og2q ^ 4 
rg- \Sp{n-2,q)\\P^\ "^^ 

Thus V < (f which contradicts n > 14 and this case is excluded. 
9.2 Case: j9 = 1(3), L„ < 5^ 

We know that the maximum power of p in v is at most g*^"^. Now \PSp{n,q) : 
BrnU = — i — T-r. :t- Thus we need, 



1 1 
n — 2> -^{n^ — fn^ — {n — m)^) = -m(n — m). 

This implies that m = 2 and so La < >S'p(2, q) o 5*^(71 — 2, g). If n = 4 then B2 is 
not maximal and so we assume that n > 4. Furthermore we know that La must 
contain a Sylow p-subgroup of Sp{2, q) o Sp{n — 2, g). But the indices of a parabolic 
subgroup of Sp{2, q) in 5*^(2, g) and of a parabolic subgroup of Sp{n — 2, g) in 
Sp{n — 2,g) are both divisible by g + 1, hence are even. Thus we conclude that 
La = Sp{2, g) o Sp{n - 2, g). 

Now rg > |g"-^(g"-^ + . . . g^ + 1) and so ^ < 2q^{q^ + 1) and v < 8q^{q^ + l)^. 
But V > \L : La\ = g"-2(g"-2 + . . . g2 _^ 1) ^hlch is a contradiction for n > 6. 

Thus we must assume that n = 6 and \L : La\ = g^(g^ + g^ + 1) and ^ < 
2g^(g^ + 1). If It^Ip = I'i^lp > g^ then ^ = g'^ which contradicts Lemma fTOl Thus 
l^lp = 1 and so ^|g^ + g^ + l. If ^ = g'^ + g^ + l then dg is not divisible by g^ which 
contradicts the fact that \L : La\ divides v. If ^ < |(g'^ + g^ + 1) then v < \L : La\ 
which is also a contradiction. 
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10 L = Q{n, q), nq odd 



Throughout the next two sections, Greek letters such as e, rj and ( will stand for 
either +, — or o. We will write polynomials such as a; — e to mean x — el. We write 
Q°{'n, q) to mean VL[n, q) when n is odd. 

In this section we assume that n > 7 and q is odd and we prove that, if L = 
Q{n, q), then the hypothesis in Section H3] leads to a contradiction. This implies the 
following proposition: 

Proposition 34. Suppose that n is odd, n > 7 and G has a minimal normal sub- 
group isomorphic to Q{n, q). Then G does not act transitively on a projective plane. 

Observe that L contains f2^(n — l,q).2 for e = — and e = +. One of these 
groups contains a central involution and hence L contains an involution g such that 
rg{L) = \q~^{q~^ + Examining jKL90t Table 3.5.D] for fusion of conjugacy 
classes, we see that rig = rg{L) and thus \v\p < 

We begin by proving that La must lie in a maximal subgroup M G Ci: 

Lemma 35. La does not lie inside a subgroup M G Cj,2 > 1. 

Proof. We examine the list of odd index maximal subgroups in G as given by Liebeck 
and Saxl |LS8"5] . The following possibilities are available for a maximal subgroup M 
of odd index. We exclude them in turn. 

• L = Q{7,q) and M = Q{7,2). We know that \v\p < q^ and so \La\ must be 
divisible by q^. This is impossible for La < M. 

• M G C2 or M = A^Q(ri,g)(f2(n, go)) where q = q^ for c an odd prime. In both 
cases \M\p < ^y\Q''(n, q)\p. Now \il^{n,q)\p = and so we must have, 

]i(n-lV + -(n-l) > -(n-l)\ 
This is impossible for n >7. 

□ 

Thus La lies inside a parabolic subgroup or a subgroup of type 0{m,q) ± 
0''^{n — m, q) for some odd m < n. In fact parabolic subgroups have even index in 
PQ{n, q) hence we may assume that La < Bm for some m. 

n — 1 

Since \v\p < q^~ we know that La < Bi = QP{n — 1, q').2 and that La contains 
a Sylow p-subgroup oi W{n — l,q). Now the parabolic subgroups of W{n — l,q) 
have even index. Hence we must have La = Q^{n — l,q) and v is divisible by 
\n{n,q) : f]''(n - 1, g).2| = Iq'^iq'^ 

Now consider the involution h centralized in L by (r2^(2,g) x Q{n — 2,g)).[4]. 

71 — 2/ Tl — 1 ^\ 

Then = - — 2{q~o~ ■ Now Q^{n — 1, g) contains a conjugate of h centralized by, 

at most, {n<{2, q) x Vt^'^iji - 3, g)).[4]. then r/, > ^^^(g!^/'^^'''^ • This implies 
that ^ < q{q + 1) and so w < 2g^(g + 1)^. But then v < \L : La\ which is a 
contradiction. 

Hence we have proved Proposition l34[ 



11 L = PQ^(n, q), n even 



In this section we assume that n > 8 and we prove that, if L = PQ'^{n,q), then 
the hypothesis in Section 14.31 leads to a contradiction. This imphes the following 
proposition: 

Proposition 36. Suppose that n is even, n > 8 and G has a minimal normal 
subgroup isomorphic to PQ'^{n,q). Then G does not act transitively on a projective 
plane. 

First we examine what happens when p = 2: 

Lemma 37. Suppose n > 8 is even and G has a minimal normal subgroup isomor- 
phic to PQ'^{n, 2"). Then G does not act transitively on a set of size + x + 1. 

Proof. Write q = 2". We know that < Pm for some integer m. If m > 1 then 
q^ + 1 divides \Pfl'^{n, q) : Pm\ where b is some even integer. Since g** + 1 = 2(3) this 
is impossible. Thus La lies inside some parabolic subgroup Pi. Now 



q-1 



n — 2 



If g = 2(3) then + 1 = g 2- + 1 = 2(3). Since one of these divides |Pf2^(n, q) : 
Pm\, this is impossible. Hence q = 1(3). Now let rig be the even one of | and 
rio the odd one. Then one of the following holds: 

• |0^(n,g) : Pi| = ^^(g"" + 1) and 9 divides \n'{n,q) : Pi|; or 

• \n'{n,q) : Pil = ^^(g"'^ + 1) and g"'^ + 1 = 2(3). 

Both of these cases are impossible. □ 

Throughout the rest of the section p is odd. Now L contains maximal subgroups 
in Ci of type 0^(2, g) ± 0^{n — 2, g) for (ri = e. One of these groups contains a 
central involution and hence L contains an involution g such that \L : GL{g)\ = 

- — ^''^q-Q^'^^ ■ Examining for fusion of conjugacy classes in [KL901 Tables 3.5.E 
and 3.5.F] we see that, except when (n, e) = (8,+), Ug = \L : G^i^g)]. When 
(n, e) = (8, +), we know that rig < 3\L : G^i^g)] and so, in all cases, \v\p < g"~^. 
We begin by proving that La must lie in a maximal subgroup M e Ci: 

Lemma 38. La does not lie inside a subgroup M G 64,2 > 1. 

Proof. We examine the list of odd index maximal subgroups in G as given by Liebeck 
and Saxl [LS8"5] . The following possibilities are available for a maximal subgroup of 
odd index M ^ Ci. We exclude them in turn. 

• L = Pfi+(8,g) and either M = n+{8,2) or M = 2^.2'^.PSL{3,2). We know 
that l^^lp < g^ and so \La\p > g^. This is impossible for Lq, < M in both cases. 

47 



• M G 62 or M = NpQ^(^n,q){P^^{n,qo)) where q = for c an odd prime. In 
both cases \M\p < ^y\P^l''{n, q)\p. Now \Pil''{n, q)\p = g3"("~2) and so we must 
have 

-n(n -2) + n-2> -nin - 2). 

This is impossible for n > 8. When n = 8, no subgroup M of odd index has 
\M\p > 6 so the result stands. 

□ 

Thus La lies inside a parabolic subgroup Pm or a subgroup Bm of type 0(m, g)*"^ ± 
0^^{n — m, g) for some m < ^. In fact parabolic subgroups have even index in 
Pfl^{n, q) for p odd. Hence we assume that < for some integer m. We know 
that \v\p < g""^ and so \Pfl^{n, q) : Bm\p < g"""^. This implies that m = 1 or m = 2. 
Note also that p = 1(3). 

Suppose first that < B2 where B2 is of type 0^^{2,q) ± 0^^{n — 2,g) for 

Ci'?! = ^- Then |Pr2'^(?7,, g) : i?2| = ^ — ^'^^q-(i)''^~'^^ ^'^ must contain a 
Sylow p-subgroup of i?2. Since the parabolic subgroups of PW^{n — 2, g) have even 
index we must have L^, > fi''^ {n — 2, g). 

In the case where < Bi then Lq, < Q{n — l,g).Ci where Ci G {1,2}. Now 
|Pn'^(n, g) : Bi\p = g^ hence \Bi : La\p < g^. Examining the proof of Lemma 
[SSlthis means that fl Q{n — 1, g) lies inside a maximal subgroup of Q{n — 1, g) in 
family Ci. 

Since the parabolic subgroups of — 1, g) have even index in Q{n — 1, g) this 
means that Lq, fl r2(n — 1, g) < _Bj^^ ; here B^^^ is a maximal subgroup of — 1, g) of 

n — 2 

type Omiiq) -L 0'''(n — 1 — mi, g) for some odd mi < n — 1. In fact \Bi : Lq,|p < q^~ 
implies that mi = 1 and that La contains a Sylow p-subgroup of Bl = Q"^^ {n—2, g).C2 
where C2 G {1,2}. Once again, since the parabolic subgroups of Q^^{n — 2,g) have 
even index we must have L^ > {n — 2, g). 

Thus in both cases, when m = 1 and when m = 2, we see that La > fi''^ {n — 2, g) 
is a subgroup of PQ'^{n, q) which preserves a decomposition of the associated vector 
space V into subspaces, V = W2 J- Wn-2, where dimp^j = i and the Wi are non- 
degenerate subspaces of V. 

Then H = Q^^{n — 2, g) contains h a conjugate of g, and Cnih) is isomorphic to 
either (fi^H2,g) x ^^^(n - 4, g)).2 or 2.{PW^{2,q) x PW^{n - A, q)).[A] (see |KL90l 

Proposition 4.1.6]). In either case Vg > - — ^'^^^2{q^--yi)^^ • 

If n > 8 this means that ^ < '^^^^"^^2 and so f < 2g^(g + 1)^. Since \L : La\ < v 
we must have n = 10, g = 7 and L„ = Bi. But then \L : Bi\ is divisible by 
|7^(7^ ± 1). This is impossible since then \L : Bi\ is divisible by a prime s = 2(3). 

If n = 8 then ^ < Aq^iq + l)^. Then v < 28q\q + iy which is less than \L : B2\. 
Thus La = Bl. But then |L : L^l is even which is a contradiction. 

Proposition EHl is now proven. 
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12 L is an exceptional group of Lie type in odd 
characteristic 



In this section we prove that, if L is an exceptional group of Lie type in odd char- 
acteristic, then the hypothesis in Section 14.31 leads to a contradiction. This implies 
the following proposition: 

Proposition 39. Suppose that G has a minimal normal subgroup L where L is an 
exceptional group of Lie type in odd characteristic or that G has a unique component 
L such that is isomorphic to a simple group Eq^q) or "^Eq^q) where q is odd. Then 
G does not act transitively on a projective plane. 

We introduce some extra notation for this section and the following one. We will 
write Eg for "^Eq, Eq for Eq. Similarly SL~ will stand for SU, SL^ for SL. We will 
use e to denote either ±1 or ± depending on the context. Generally our notation 
refers to the adjoint version of the exceptional group, any variation on this will be 
specified. For a group G, we will write ^G to mean a subgroup in G of index 2. We 
define P{G) := min{|G : H\ : H < G}. Finally, for a group H we write QP H to 
mean the unique smallest normal subgroup N of H such that \H/N\p = 1. 

We have eight possibilities for L which we will examine in turn. As usual we will 
examine odd-index maximal subgroups of L, treating these as candidates to contain 
a stabilizer La, and seek to show a contradiction. 

We immediately exclude the case where L = '^G2{q), g > 3, by examining the list 
of maximal subgroups of ^^2(1?) given in |Kle88al Theorem C] (see also |War66j ). 
We see that any maximal subgroup of odd index must have index divisible by 9 and 
hence cannot contain a point- stabilizer. Hence this case is excluded. Note that the 
list given by Kleidman |Kle88a] contains a maximal subgroup of odd index (with 
structure (2^ x Di(^g_^_-^^) : 3) which has been omitted by Liebeck and Saxl [LS85] and 
by Kantor jKan87j . 

For the remaining cases we will refer to the results of Liebeck and Saxl giving the 
maximal subgroups of odd index in L'^. |LS85] These maximal subgroups iVfl" take 
one of two forms: Either = A^x,t(I/^(go)), where q = q^ for a an odd prime and 
the subgroup L^i^qo) of L^i^q) corresponds to the centralizer of a field automorphism 
of L^i^q) (see |Kan87l Theorem C]), or M"!" is enumerated in |LS85t Table 1]. 

Note that, by |KL90l Table 5.1.B], OutL, the outer automorphism group of L, 
has order strictly less than q provided L 7^ ^Da,{?>), "^EQib). We also use the following 
lemma: 

Lemma 40. Let cf) he a field automorphism of L{q) of prime order a. Let L^qo) = 
O^C*L((2)(0) where q = q^. Then N^q){L{qQ)) < Inndiag(L(go)) and, furthermore, 
Inndiag(L(go)) = L{qo).d where 



d 




1 otherwise 



(3,go-e) L = E^^ 
(2,go-l) L = Er 
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Proof. Our notation is consistent with that in |GLS94j . Write L{q) = 0^'Cj;{a) 
where L is a simple adjoint Fp-algebraic group, Fp is the algebraic closure of GF{q) 
and 0" is a Steinberg automorphism [GLS94[ Definition 2.2.1]. 

By |GLS94l Proposition 2.5.17], there exists a Steinberg automorphism r of L 
such that = 0" and r induces on L. Then L{qo) = Cj^ij) and, by |GLS94l 
Proposition 2.5.9], 7V-^(L(go)) = C^(r). 

Thus iVi(,)(L(go)) = Ci(,)(r) < ClU^) < Inndiag( L(go)) b y [HLSMI Propo- 
sition 4.9.1]. The structure of Inndiag(L(go)) is given in |GLS94t Theorem 2.5.12]. 

□ 

12.1 Case: L = Es{q) 

Referring to jGLS94l Table 4.5.1], we see that Es{q) contains an involution g such 
that Ciig) > 2.(P5'L(2,g) x E-j[q)). There is one such E^{q) conjugacy class of 
involutions in L and so Ug divides 

g2 - 1 

Using Lemma fT3] this implies that |f |p < q^^ and hence that \La\p > (f"^ . The 
list in [LS851 Table 1] contains no maximal subgroups M such that |M|p > g^^. 
Similarly Lemma |40] implies that |A''i(-E'8(go))|p = |-£'8(q'o)Ip = ■ Since q = q^ 
where a is an odd prime, q^^ < g^'^ and so this possibility is excluded. 

12.2 Case: L = E'j{q) 

Referring to |GLS94[ Table 4.5.1], we see that Ej{q) contains an involution g such 
that CL^g) contains SL''{8,q)/{4:,q — e) for e either + or — . There is one such 
Inndiag(£'7(g)) conjugacy class of involutions in L and so Ug divides 

(4, q - I)g35(g7 + ,)(g5 ^ ^)^^3 ^ ^)^^8 ^ ^4 ^ ^)^^12 ^ ^6 ^ 

This implies that \v\p < q^^ and hence that \La\p > q^^. The list in |LS85t 
Table 1] contains one maximal subgroup such that \M\p > g^^, namely M = 
NL{2.{PSL{2,q) X Pfi+(12,g)). Then \L : M\p = q^^ and so p = 1(3). But this 
implies that 9 divides \L : M\ and so it is not possible that La < M. 

Similarly Lemma HQ] implies that \Ni[ET{qQ))\p < |i?7(go)-2|p = q^. Since q = q^ 
where a is an odd prime, q^ < q^^ and so this possibility is excluded. 

12.3 Case: = El{q) 

Referring to [GLS941 Table 4.5.1], we see that L contains an involution g such that 
Ci,{g) contains Spinl^^q). Here Spirf^Q^q) = (4, g — e).Pr2^(10, g). There is only one 
such Inndiag(£'g(g)) conjugacy class of involutions in L and so, 

Ug = q^\q^ + eg3 + l)(gQ+ eg + + + !)• 



This implies that \v\p < and hence that \La\p > q^^ . Then Lemma HO] imp hes 
that |iVit(ivt(go))|p < |Lt(go).(3, g - e) |p which divides 3gf . Since q = Qq where a is 
an odd prime, q^^ < q^^ and so this possibihty is excluded. 

12.3.1 Subcase: e = + 

In this case the list in jLS85l Table 1] contains two maximal subgroups such 
that |Mt|p > g20. ^ iV^t((4,g - 1).P(]+(10, g)) or is parabolic of type D^. 
U p = 1(3) in either case then 9 divides \L : M\ which is a contradiction. Hence 
p ^ 1(3), the universal and adjoint versions coincide and L is simple. 

In the non-parabolic case, \L : M\p > p^ which is impossible for p ^ 1(3). Hence 
M is a parabolic subgroup of E'^{q) of type and \L : M\ = {q^ + q^ + l){q'^ + q + 
l){q^ + q^ + l). 

Now M = [q^^] : {SpinfQ{q)H) where if is a Cartan subgroup of EQ{q) and H 
normalizes SpinfQ{q). Here Spin^Q^q) = (4, g — l).Pr2+(10, g) and Pf2+(10,g) has 
parabolic subgroups of even index. This implies that La > [q^^] : {SpinfQ{q).2) for 
p^3. 

Furthermore, for p = 3, every non-parabolic subgroup of Pr2"*"(10,g) has index 
divisible by 9 [KL90j . This means that > [^].{SpinfQ{q).2). Now E, the com- 
mutator subgroup of the Levi complement in M, is isomorphic to SpinfQ{q) and 
\E:Lan E\ is at most |(g - 1). But P(5pm+ (g)) > |(g - 1) jKL9nl Table 5.2.A]. 
Thus La > E. 

Now if g = 3° then \E\ is divisible by 3®" — 1; in particular, \E\ is divisible 
by the primitive prime divisors of 3^^* — 1. This implies that if (p : E GL{m,3) 
is a non-trivial representation of E over GF{3) then m > 8a. Now consider the 
action of E on the unipotent radical of the full parabolic group, [g^^], considered as 
a module over G'P(3). We know that E does not act trivially on any submodule 
of the unipotent radical (otherwise Z{E) would have too large a centralizer; see 
|GLS94t Table 4.5.1]). Thus the action must be either irreducible or split into two 
modules both of size g*. In either case we must have La > [g^^] : {Spin^Q^q) .2) . 

We return to the general case where p ^ 1(3) and assume that M contains 
Ciig) = SpiniQ{q)H . Furthermore we know that L acts on the cosets of M as a 
rank 3 permutation group with subdegrees 1, g(g^ -|- l)(g® — l)/(g — 1) and g^(g'^ + 
l)(g^ — l)/(g — l)( |Kan87] ). Then we have two possibilities: 

• Suppose > Spin^l^^q) for all h in La where h is L-conjugate to g. Now if 

M = [q^^] : Ciig) then M contains g^^ M-conjugates of Ciig) each containing 
a unique copy of Spin^Q^q). Any other L-conjugate of Ciig) lies inside a 
non-trivial conjugate of M. But these intersect M with non-trivial indices as 
above. These intersections cannot contain Spin'^Q{q). Hence M contains only 
M-conjugates of g and, in fact, all these must lie in La- Thus Vg = q^^ and 

^ = (gS + g4 + l)(g6 + ^3 + i)(^2 ^ ^ ^ g^^ 

o 1 7 3 5 , 99 4 127 . 423 2 749 39587 

M = g + -g + -g H g — g H g H g H g H . 

^ 2^ 8 16 12851 256 1024^ 2048 32768 



Then — u + 1 > — for q > 47. If we set = u — „J,^„ then n? — Ui + 1 < — 

rg ^ — ^ 32768 i i ' r-g 

for Q > 1. Thus we need to check g < 47 but no such q satisfies u"^ — u + 1 = — 
for integer u. 

• Suppose there exists h in La which is L-conjugate to g and Cuih) does not 
contain a copy of SpinfQ{q). Then CL{h) lies inside a non-trivial conjugate of 
M. Hence |M : CM{h)\ is a muhiple of q{q^ + l)(g^ - l)/(g - 1) or + 
l)(g^ — l)/{q — 1). Furthermore we know that q^^ divides \M : Cm(^)| since 
|M|p = gi^|Ci(^7)|p. Hence \M : > ^''(g'' + l){q' - l)/{q - 1). 

Now, if La > [q^^] : {SpintQ{q).2) then = rg{M) since L„ < M and |M : L«| 
is odd. Thus Vg > q^^{q'^ + - l)/(g - 1) and ^ < + + 1. Then 

rfg < g^ + g^ + 1 < (g^ + g^ + l){q^ + g + 1). Thus V < \L : M\ which is a 
contradiction. 



12.3.2 Subcase: e = - 

In this case the list in |LS85l Table 1] contains one maximal subgroup M'^ in L'^ such 
that |Mt|p > g20, namely ikft = iVit((4, g + l).Pf]-(10, g)). In fact |M|p = g^o and 
so p = 1(3) and the universal and adjoint versions of Eq coincide and L is simple. 
Then M = NL{Spin-[^{q)) ^ ^pmro(g).(g + 1) ([GLS941 Table 4.5.2]). Furthermore 
La must contain a Sylow p-subgroup of M. But the parabolic subgroups of PVL^Q^q) 
have even index, hence Spin^Q^q) .2 < La < Spin{Q{q) .{q + 1). 

Now, using |GLS94l Table 4.5.2], we see that E^i^q) contains two conjugacy 
classes of involutions: those conjugate to g, centralized by SpiriiQ^q), and those 
conjugate to gi say, centralized by SL{2,q) o SU{6,q). Then Ug = q^^{q^ — (1 + 
l)(g'^ - g^ + l)(g^ + g^ + 1) and Ng^ = q^^q"^ + l){q^ + l)(g6 - g^ + l)(g8 + g^ + 1). 

We examine the involutions lying in Spiriiolq) using |GLS941 Table 4.5.2]. Apart 
from the central involution, 5'pin]~o(g) contains two conjugacy classes of involutions. 
Let h be an involution in Spin^Q^q) centralized by Spin'l{q) o SpiriQ^q). Then L^ 
contains at least ^g^^(g'^ + g^ + g^ + g + l)(g^ — g + l)(g'* + l)(g^ + 1) conjugates of 
h. If h is L-conjugate to g, then y- < 4g^ which is a contradiction. Thus assume 
that h is L-conjugate to gi. 

In this case ^ < 4g^6 + 4g^2 _^ 4^8 _ rj.^^^ 

dg<^ + 2j^ + 2< 4g^6 + 4g^2 ^ q^8 ^ 2g4 + 2. 

This implies that v < 19 |L : M\ for g > 7. 

Now suppose that g^^ does not divide y-. Then ^ divides (g^ — g + l)(g^ — g^ + 
l)(g^ + g^ + 1) and so dg < 3g^^ and v = \L : M\. This contradicts Lemma [TTl Thus 
V = 7\L : M\oi V = 13|L : M| and g^'^l^. 

If 7^ > 7gi6 i^j^gj^ ^ ^ 49g^^ > 13|L : M\ which is a contradiction. Thus, by 
Lemma [IDl — = 3g^^ This implies that 3g^^ < d„ < 3gi^ + 2\/?,q^ + 2 and so 
9g32 < < 9g32 ^ ^2g24 + 6gi6. But then 1\L : M\ < v < 13|L : M| which is a 
contradiction. 



12.4 Case: L = ^D^{q) 



We know that ^D^^q) has a single conjugacy class of involutions |GLS94] which is 
centralized by a maximal subgroup isomorphic to {SL{2,q^) o SL{2,q)).2 |Kle88bj . 
Hence, for g an involution in L, Ug = q^{q^ + + 1) and so \v\p < q^ and \La\p > q"^- 

li La < M = NL{^D4{qQ))) then this condition implies that q = gg. No such 
subfield subgroup exists. 

There are two other odd index maximal subgroups M such that \M\p > g'^. |LS85j 
The first possibility is that M = G2{q) and \L : M\p = q^. But then odd index 
subgroups of G2{q) have p-index strictly greater than g^. [LS85j Thus La = ^2(9). 
Now rg{G2{q)) = q^{q^ + q^ + 1) and so ^ = — q^ + 1). But this implies that 
\v\p < which is impossible. 

The second possibility is that L^ < M = 2.{PSL{2,q) x PSL{2, q^)).2. Then 
\L : M\ = q^{q^ + + 1) and so p = 1(3) and contains a Sylow p-subgroup of 
M. But the parabolic subgroups of PSL{2, q) have even index, hence we conclude 
that La = M. 

Now rg{2.{PSL{2,q) x PSL{2,q^))) > 1 + \q^{q^ - l)\q{q - 1). This implies 
that ^ < 7g^. Suppose that \y-\p = 1 and hence ^ < q^ + q^ + I- Then dg < 3q^ 
and so dg = q^. This contradicts Lemma fTTl 

Thus I ^ Ip > 1 and so we must have either y- = q^ (contradicting Lemma [TOi) or 

^ = 3g^. If ^ = then dg < y (g^ + g"^ + 1) which is the smallest possibility for 
dg that is larger than — . Thus we have a contradiction. 



Referring to [GLS941 Table 4.5.1], we see that 6^2(9) contains an involution g such 
that Ciig) contains SL{2, q) o SL{2, q). There is one such conjugacy class of invo- 
lutions in L and, examining [Kle88aj . we see that Ciig) = {SL{2,q) o SL{2,q)).2. 
Hence Ug = q'^{q'^ + g^ + 1). Using Lemma [T^ we may conclude that \v\p < g^ and 
hence that \La\p > g^. 

Examining the odd- index maximal subgroups |KL90j . we find that all have p- 
index divisible by p"^ and so p = 1(3). We have a number of possibilities for M an 
odd-index maximal subgroup, \M\p > g^, M containing La'- 

• Suppose M = NL{G2{qo))- Then using Lemma 140) we find that g = q^. But 
this means that 9 divides \L : M\ which is impossible. 

• Suppose M = {SL{2, q) o SL{2, q)).2. Then La > 2.P.2 where P is a Sylow p- 
subgroup of PSL{2, q) x PSL{2, g). Since the parabolic subgroup of PSL{2, q) 
have even index we must have La = M and v = g^(g^ -|- g^ -|- l)a for some 
integer a. Then Lemma [TT] implies that a 7^ 1 and so a > 7. 



Now PSL{2,q) x PSL{2,q) has at least |g^(g ± 1)^ involutions and thus so 
does SL{2,q)oSL{2,q). Then 



12.5 Case: L = G2{q) 




,2 g^ + g' + l 

%l-2q+l 



< 7q' 



for q > 7. Thus either = (contradicting Lemma [TOl) or ^ = or ^ 
divides + + 1. 

If M^-^^ + l = !k = then n^ + n+l = rf„ < 3g^ + 2v/3g4 + 2 < V + V + 4. 

rg a V 

This imphes that v < 12g^(g^+g^+l) and so a = 7. But then dg = |(g'^+g^+l) 
which is less than ^ for q > 7. This is impossible. 

If - n + 1 = ^ = g"^ + + 1 then n = g^ + 1 and = g^ + Sg^ + 3. But 
then {v,p) = 1 which is impossible. If ^ < g^ + g^ + 1 then u < q^ which 
implies that ^ < g^ - g^ + 1 and ci„ < g^ + g^ + 1. Then ^d„ <\L: M\ which 
is a contradiction. 

• Suppose M = SL'^{3,q).2 and so p = 1(3). Consider first the situation where 
La = M. When e = +, M = {SL{3,q),(f)) where is a graph automorphism 
|(:;ha68[ (2.6)]. When e = -, M < PTU{3,q) |Kle88a[ Proposition 2.2]. In 
both cases M is equal to a universal version of A2{q) extended by a graph 
automorphism [GLS941 Definition 2.5.13]. 

Examining jGLS94l Table 4.5.2] we see that M has 2 conjugacy classes of 
involutions. These have size g^(g^+eg+l) and g^(g^+eg+l)(g— e). When e = + 
this gives Vg = q^{q^ + g + 1) and ^ = g(g^ — g + 1). This is impossible since 
either = 1 or |^|p > g^. When e = — we have Tg = q^{q^ — q + l)(g + 2) 

and — = ^ ^n^^^ - This is not an integer for g > 1 hence can be excluded. 

Tg q+2 <= ^ 

Thus we must have La < M and we know that \M : La\p < q. Examining the 
subgroups of S'L^(3, g) we find that La H S'L^(3, g) < -Pi, a parabohc subgroup 
of SL'{3,q). 

When e = — , |5'L'^(3, g) '■ Pi\ is even hence this possibility can be excluded. 

When e = +, M = (5*17(3, q),m) where m is a graph automorphism of SL{3, g). 
Since La has odd index in G2{q), La must contain a graph automorphism. 
Examining |KL90l Table 3. 5. A] we find that LQ,nS'L(3, g) lies inside a subgroup 
Ml of SL{3, g) of type GL{2, g) © GL{1, q) or of type Pi, 2- In the former case 
we find that \v\p > q^. Since \ng\p = q^ we must have l^^lp = 1 which implies 
that y- < g^ + g^ + 1 and \dg\p > q^ which contradicts Lemma fT2l In the latter 
case, we find that |5'L(3, g) : Mi| is even and this case can be excluded. 

We have covered all possible odd-index maximal subgroups in G2{q)- 
12.6 Case: L = F^{q) 

Referring to |GLS94l Table 4.5.1], we see that F^lq) contains an involution g such 
that ClIq) contains Spin{9,q). There is one such conjugacy class of involutions in 
L and so Ug = g®(g® + q^ + 1). 

This implies that \v\p < g® and hence that \La\p > g^^. Then Lemma HUl implies 
that |A''i(-F4(go))|p < |-F4(go)|p = go"^- Since q = q^ where a is an odd prime, gQ^ < g^ 
and so La does not he in \NL{Fi{qQ)). 



The list in |LS85[ Table 1] contains one maximal subgroup M such that \M\p > 
q^^. Then M = 2.Q{9,q), must contain a Sylow p-subgroup of M since \L : 
M\p = q^^. Furthermore, p = 1(3). Now the parabolic subgroups of Q{9,q) have 
even index, hence we may conclude that = M and v = q^{q^ + q'^ + l)a for some 
integer a. Lemma [H] implies that a ^ 1 and hence a > 7. 

Now suppose rg > \q^{q^ - 1). Then ^ < 2g^(g^ + 3) < Then dg < fq^ 

and V < 7q^^ which is a contradiction. Also Vg is clearly greater than 1. Thus there 
is an involution g G 2.^2(9, q) such that 

l<\2.n{9,q):C,,ni9,M\<lq\q'-l). 

Now let B be the central subgroup of of order 2, so that L^/ B = PQ{9,q). 
Let h = Bg an involution in PQ{9, q). Then we must have 

\n{9,q):Cni9Ah)\<lq\q'-l)- 

Examining [GLS941 Table 4.5.1] we see that all involution centralizers in Q(9,q) 
have index at least ^q^{q^ — 1). Hence we have a contradiction. 
Proposition [39] is now proven. 

13 L is an exceptional group of Lie type in char- 
acteristic 2 

In this section we prove that, if L is an exceptional group of Lie type in characteristic 
2, then the hypothesis in Section 14.31 leads to a contradiction. This implies the 
following proposition: 

Proposition 41. Suppose G has a minimal normal subgroup L where L is an ex- 
ceptional group of Lie type in characteristic 2 or that G has a unique component L 
such that L'^ is isomorphic to E^lq) or '^E^i^q) where q = 2°-. Then G does not act 
transitively on a projective plane. 

We have nine possibilities for L and, by Tits' Lemma [Sei73| 1.6], we know that 
La must lie in a parabolic subgroup M of L. We demonstrate that this is impossible, 
generally by showing a contradiction with Lemma [HI 

13.1 Case: L = ^D^iq); ^2(9), q>2 

In each case, for any parabolic subgroup M, \L : M| is divisible by {q^ + q'^ + l){q+l). 
If g = 1(3) then \L : M| is divisible by g + 1 = 2(3), while if g = 2(3) then 9 divides 
\L : M\. Thus M cannot contain L^ (Lemma [H]) and we are done. 
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13.2 Case: L = 252(g), q > 2; '^F^{q)', F^{q), E,{q), E^{q) 



Examining the indices of the parabohc subgroups M in L in these cases, we find 
that they are nearly always divisible by + 1 for some even integer m. Since 
g™ + 1 = 2(3) these cases are excluded. We deal with the exceptions which are as 
follows: 

1. L = Ej{q) and M is of type E^. Then \L : M| is divisible by (g^ + l)(g^ + 1). 
If g = 1(3) then g^ + 1 = 2(3) and if g = 2(3) then 9 divides \L : M\. Both of 
these are impossible hence M cannot contain La- 

2. L = E7(g) and M is of type L'e- Then |L : M| is divisible by (g^ + g'' + l)(g^2_^ 
g^ + 1) which is in turn divisible by 9. Hence M cannot contain L^. 

3. L = Ej^q) and M is of type D5 x Ai. Then \L : M| is divisible by {q^ + l){q^ + 
q* + 1). If g = 1(3) then g^ + 1 = 2(3) and if g = 2(3) then 9 divides \L : M\. 
Both of these are impossible hence M cannot contain L^- 

Note that Kantor's argument to exclude the last two cases {L = E-j{q) and M 
of type Dq or x Ai) when the action is primitive is incorrect [Kan87j . 



13.3 Case: Lt = El{q) 

We proceed as in Subsection 113.21 we need only examine the parabolic subgroups 
M in L which are not divisible by g™ + 1 for some even integer m. There are two 
such possibilities: 

1. V = E+{q) and M is of type D5. Then \L : M| = (g^ + g^ + l)(g^ + g^ + 
l)(g^ + g + 1). For g = 1(3), |L : M| is divisible by 9 hence M cannot contain 
Lq. Thus we assume that g = 2(3) and so L is simple. 

Now we know that M' := [gi%fi+ (g) < K < M ^ [g^^] . (yi+^{^q)H) where H 
is the Cartan subgroup of L. This is because all parabolic subgroups of ^toil) 
have index divisible by g^ + 1 = 2(3). 

By |AS76t (15.1), (15. 5)], L contains an involution g such that Cl^q) = [g^^] : 
5*^(6, g) and so Ug = (g^ + g^ + l)(g^ + g'' + l)(g^ - 1). Now if Vg > (g^ + g^ + 
l)(g8-l) then ^ < (g^ + 1)^ - (g^ + 1) + 1 and so dg < (g^ + 1)^ + (g^ + 1) + 1. 
But then ^d„ < \L : M\ which is a contradiction. Thus, for all h G 
conjugate in G to g, \K : C/^(/i)| < (g*^ + g^ + l)(g^ - 1). 

Now ^to{q) ^ Ciig)- Furthermore the only maximal subgroups of ^toiq) with 
index less than (g^ + g^ + l)(g^ — 1) are the parabolic subgroups and Sp8{q). 
All but one type of parabolic subgroups have index divisible by g^ + 1. Since 
g^ + 1 does not divide Ug, there must he h & La conjugate in G to g such that 
Cxih) lies in either [q^%{[q^] : i((g - 1) x SO^{q))) or [q^^Spsiq). 

Consider the first possibility. Now 5*0 J (g) ^ Giig) and so 



Using the value for P{SOg{q)) given in |KL90l Table 5.2.A] we conclude that 
Tg > {q^ + + l){q^ — 1) which is impossible. 

Similarly Spg{q) ^ Cl^q) and so 



Once again we find that > (g^ + q^ + ^){(f — 1) which is impossible. 

2. Lt = E^{q) and M is of type '^Di{q). Then \L : M| is divisible by {q^ + l){q^ + 
1); we exclude this possibility in the same way as in Subsection 113. 2[ when 
L = Eji^q) and M is of type Eq. 

Theorem A is now proven. 
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